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Abstract 



The Unruh and Hawking effects are investigated on certain families of topologically non- 
trivial spacetimes using a variety of techniques. The thesis is split into three main parts. The 
first presents the Bogolubov transformation between Rindler and Minkowski quantizations 
on two flat spacetimes with topology x (denoted Mq and M_) for massive Dirac 
spinors. The two inequivalent spin structures on each spacetime are considered. Results 
show modifications to the Minkowski space Unruh effect. This provides a flat space model 
for the Hawking effect on the Kruskal and RP^ geon black hole spacetimes which is the 
subject of the rest of this part. 

The second part presents the expectation values of the stress tensor for massive scalar 
and spinor fields on Mq and M_, and for massive scalar fields on Minkowski space with a 
single infinite plane boundary, in the Minkowski-like vacua. 

The final part investigates particle detector models. The aim is two-fold. First we 
investigate a recent paper by Schlicht which highlights the importance of choosing a suitable 
regularization when calculating the response of monopole detectors in a causal way. We 
extend Schlicht's regularization to an arbitrary spacetime dimension, to quotient spaces of 
Minkowski space, to non-linear couplings of the scalar field, to a massless Dirac field, and to 
conformally flat spacetimes. Secondly we present some detector responses. Our main new 
results are the time dependent responses of inertial and uniformly accelerated detectors on 
M_ and M with boundary with motion perpendicular to the boundary. Responses are also 
considered for static observers in the exterior of the KP^ geon and comoving observers in MP^ 
de Sitter space, via those in the associated global embedding Minkowski spaces (GEMS). 
The response on RF^ de Sitter space, found both directly and in its GEMS, provides support 
for the validity of the GEMS procedure applied to detector responses. 
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Chapter 1 



Introduction 



In this thesis we consider quantum field theory on certain famihes of topologically non-trivial 

fiat and curved spacetimes. We present a collection of new results in three related areas of 

research. These include the Unruh effect on topologically non-trivial flat spacetimes and 

Hawking radiation on black hole spacetimes via Bogolubov transformations, the evaluation 

of expectation values of the stress-energy tensor, and the theory of particle detector models. 

A good first reference to all these subjects is the well known book by Birrell and Davies [1] ^. 

Quantum field theory in curved spacetime has been an active area of research now for 

many decades, and its results and methods have been of interest to researchers in many 

related fields. The theory was constructed as a step in the direction of a full, and not 

yet realised, theory of quantum gravity coupled to matter. The theory considers quantized 

fields propagating on a fixed curved background manifold, neglecting the dynamical degrees 

of freedom of the gravitational field. The gravitational field therefore is left unquantized and 

we are making the assumption that the back reaction of the quantum field on the spacetime 

is negligible. It is clear that quantum field theory in curved spacetime must be a low energy 

approximation to a deeper theory whose effects become important as we approach the Planck 

scale. Despite this limited, and as yet not fully understood, domain in which the theory 

^ Other noteworthy books on the topic of quantum fields in curved spacetimes include those of Pulling [2] 
and Wald [3]. 
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is considered to be an accurate representation of reality, quantum field theory in curved 
spacetime has had remarkable successes. Further it is expected that many of its features 
and predictions must be included and explained within a full theory of quantum gravity. 

One of the major successes of the theory is the description of particle production by time 
dependent gravitational fields. Particle creation effects may occur due to the non uniqueness 
in choosing a time coordinate within classical general relativity. In quantum field theory in 
Minkowski space we define particles using those solutions to the field equations which are 
positive frequency with respect to the timelike Killing vector dt, in a standard Minkowski 
coordinate system {t, x, y, z). Due to Lorentz invariance a positive frequency solution in one 
inertial frame is positive frequency in all inertial frames. Thus the number of particles and 
in particular the vacuum state (defined as the state free from positive frequency solutions) is 
the same for all inertial observers. In a general curved spacetime however we no longer have 
global Lorentz invariance and there may be no Killing vectors at all with respect to which we 
can define positive frequency modes. Here two observers may not agree on which parts of a 
solution are positive frequency, even when both observers follow geodesic worldlines, and as 
a result one observer sees particles in the other's vacuum state. Particles have been created. 
As we shall see this may be true even in Minkowski space if at least one of the observers is 
not inertial. The first thorough accounts of particle creation in a gravitational background 
were given by Parker [4] in the late 60's in relation to cosmology. An expanding universe 
may create particles in the process of expansion. Since then a large amount of literature has 
been written on various aspects of these effects. 

In 1975 Hawking published his much celebrated result [5] that a black hole formed by a 
star collapse radiates with a thermal spectrum at temperature 



as seen by an observer at infinity, where k is the hole's surface gravity. This finding influenced 
a large number of papers in the following years as a systematic study of black hole radiation 
was undertaken. Further this demonstration of black hole temperature put the speculations 
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of Bekenstein [6] and others, on an analogy between the laws of classical thermodynamics 
and certain relations in black hole mechanics, on a firmer basis. In particular it led to 
the acceptance of one quarter of the area [6] of the horizon as the physical entropy of the 
hole ^. It was realised shortly after the collapsing star analysis that the same temperature 
and entropy could be obtained by considering the Kruskal-Szekeres [10, 11] extension of 
Schwarzschild and on it a quantum state that describes a black hole in thermal equilibrium 
with its environment [1,3,12-16]. The defining characteristics of this Hartle-Hawking state 
are that it is regular everywhere on the Kruskal manifold and invariant under the continuous 
isometrics [3,16]. 

In 1976 Unruh [14], following work by Fulling [17], showed that these thermal effects 

arc not restricted to curved spacctimc. He foimd that a uniformly accelerated observer in 
Minkowski space perceives the usual Minkowski vacuum as a thermal bath at temperature 

^ fid- ,^ „x 

T = , 1.2) 

where a is the observer's proper acceleration. This effect is widely known as the Unruh 
effect. Since Unruh's original work the Unruh effect has attracted a lot of interest building 
a firm foundation for it, including the possibility that the effect could be experimentally 
observed. Perhaps the most promising proposal so far, though far from being realised in 
practice, is that of using high intensity lasers to accelerate electrons at very high magnitudes 
by Chen and Tajima [18]. 

In this thesis we consider aspects of Hawking radiation and the Unruh effect on certain 
topologically non-trivial spacctimcs. In particular wc consider Hawking radiation for Dirac 
spinors on the spacctimc known in the terminology of [19] as the MP'^ geon (for earlier work 
on the classical properties of this spacetime, sec [20,21]). The MP"^ geon is a Z2 quotient 
of Kruskal, it is space and time orientable, it contains a black and white hole, but it only 
has one static region, isometric to standard exterior Schwarzschild. The geon is an eternal 



^The leading order corrections to this entropy, due to quantum gravity effects have been investigated 
extensively in the recent literature. The leading corrections are logarithmic in the area (see e.g. [7-9] and 
references therein.) 
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black hole and so as with the Kruskal manifold we do not expect to see one in the sky, 
as an astrophysical object formed in a star collapse, but its interest lies in the fact that 
it is an unconventional black hole and in particular has non-trivial topology. It provides 
an interesting arena in which we can probe our understanding of black hole physics. In 
particular here we concentrate on the effect of non-trivial topology on the thermal properties. 
From the physical point of view, a puzzling feature of the Hartle-Hawking state on Kruskal 
spacetime is its reliance on the whole manifold. The manifold has two static regions, causally 
disconnected from each other and separated by a bifurcate Killing horizon, but the thermal 
properties manifest themselves when the state is probed in only one of the static regions. 
To explore the significance of the second exterior region, we may consider a spacetime such 
as the RP'^ geon which is locally isometric to Kruskal but which only contains one exterior 
region. In [22] Louko and Marolf investigated scalar field quantization on the MP'^ geon. It 
was shown that the Hartle-Hawking like quantum state on the geon does not appear thermal 
to all observers in the exterior region, but it does appear thermal in the standard Hawking 
temperature when probed by suitably restricted operators. In particular, the state appears 
thermal in the standard temperature to every operator far from the hole and with support 
at asymptotically late (or early) Schwarzschild times. 

In chapterOwe extend the scalar field analysis of [22] to a massive Dirac field. The main 
new issue with fermions is that while exterior Schwarzschild and Kruskal both have spatial 
topology R X 5^ and hence a unique spin structure, the RP'^ geon has spatial topology 
RP"^ \ {point} and thus admits two inequivalent spin structures. The geon thus has two 
Hartle-Hawking like states for fermions, one for each spin structure. Our first aim is to 
examine whether these states appear thermal when probed in the exterior region: We shall 
find that they do, in a limited sense similar to what was found for the scalar field in [22]. 
Our second aim is to examine whether these two states can be distinguished by observations 
limited to the exterior region. We shall find that they can be in principle distinguished by 
suitable interference experiments: The states contain Boulware-type excitations in correlated 
pairs, and the spin structure affects the relative phase between the members of each pair. 
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This means that the restriction of the Hartlc-Hawking type state to the geon exterior not 
only tells that the classical geometry behind the horizons differs from Kruskal but also is 
sensitive to a quantization ambiguity whose existence cannot be deduced from the exterior 
geometry. In this sense, probing the quantum state in the exterior region reveals in principle 
both classical and quantum information from behind the horizons. How this information 
might be uncovered in practice, for example by particle detectors will be investigated in 
chapter |31 

As a preparation for this analysis on the MF^ geon, we begin in chapter |21 by analysing 
the Unruh effect for the massive Dirac field on a family of Rindler spaces, denoted by Mq 
and Af_ , whose topology respectively mimics that of Kruskal and the geon [22] . The results 
are interesting in their own right as they illustrate a particular example of the effect of 
topology on the thermality of the Unruh effect. They further serve as a flat space model 
of the Hawking radiation on the geon. While the results are qualitatively similar to those 
on the geon, the effects of the spin structure appear in a much more transparent form, and 
these Rindler spaces thus offer a testing ground for localised particle detector models that 
aim to resolve the phase factors determined by the spin structure. As a by-product, we 
also obtain the Bogolubov transformation for massive Dirac fermions on (ordinary) Rindler 
space in (3+1) dimensions, which to the knowledge of the author has not appeared in the 
literature. Chapters |21 and 13 are based on the paper [23]. 

One of the most important observables in quantum field theory in curved spacetime is 
the stress-energy tensor. Classically the stress-energy tensor provides all the information 
on the energy and momentum content of the spacetime, and provides the source of the 
gravitational field on the right hand side of Einstein's equations. In the quantum theory the 
expectation value of the stress-energy tensor in a given state provides information on the 
energy and momentum content of that state, and it may further be used in a semiclassical 
analysis as the source of a semiclassical Einstein equation which provides information on the 
back reaction of the quantum field on the spacetime geometry. In chapter^jwe calculate the 
expectation values of the stress-energy tensor for massive scalar and spinor fields on the flat 
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spacetimes Mq and Af_, introduced in chapter |21 in the Minkowski-hke vacuum states. We 
also present the expectation values for massless two-component spinors, showing that the 
values are independent of the handedness. This chapter is mainly based on the paper [24] 
and, with the massless spinor results, also on [23]. 

Finally in chapter [S] we investigate particle detector models. We begin in section 15.21 
with a discussion of the history and background of particle detector models in quantum 
field theory in curved spacetime. We then provide a number of new results. The focus 
of the chapter is a recent model proposed by Schlicht [25,26]. The model is that of a 
monopole detector as first introduced in the context of quantum field theory in curved 
spacetime by DeWitt [27]. In [25,26] the author considers monopole detectors following 
general trajectories in Minkowski space which are switched off at a finite value of the proper 
time, in contrast to the asymptotic detections usually considered. Although not the first to 
consider such finite time detections Schlicht seems to be the first to highlight the importance 
of the regularization of the Wightman function in such calculations. In particular if the 
Wightman function is regularized using the usual ie procedure [1] then we are led to an 
unphysical result when considering a uniformly accelerated detector switched on in the 
infinite past tq = — oo and off at t < oo. Schlicht [25,26] offers an alternative regularization 
of the correlation function by considering a model of a spatially extended detector. The 
massless scalar field operator which the detector is coupled to is smeared in the detector's 
proper reference frame against a suitable window function which represents the shape of 
the detector. The response depends on the detector's size; however, in the limit as the 
size goes to the usual result for a uniformly accelerated detector is recovered (that is, a 
thermal response at temperature (|1.2|) [14,27]). The aim of the chapter is twofold. The first 
aim is to extend Schlicht 's model in a number of directions. We first make some comments 
on Schlicht's regularization and some possible alternatives. We then extend the model to 
Minkowski space in arbitrary dimension, to the massive scalar field, to fields on quotient 
spaces of Minkowski space, to the massless non-linearly coupled scalar field and massless 
Dirac field and to conformally fiat spacetimes. The second aim is to investigate some specific 
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detector responses. In particular we consider inertial and uniformly accelerated detectors 
on the flat, topologically non-trivial spacetimes Mq and A/_ introduced in chapter |21 and 
on Minkowski space with an infinite plane boundary. The time dependent responses on 
M_ and on Minkowski space with boundary as the detector approaches the boundary are 
presented for the first time. Further we address the issue, in the case of the Dirac field, as 
to whether or not such a detector can distinguish the two spin structures on Mq and M_. 
Finally we consider static detectors in the exterior of the RP^ geon and comoving observers 
in RP^ de Sitter space via their global embedding Minkowski spaces (GEMS) (see e.g [28]). 
Although until now the GEMS procedure has only been applied to kinematical arguments 
we expect that at least in some cases the response of detectors in the original curved spaces 
and the corresponding ones in their GEMS should be related in some way. The case of a 
comoving detector on RP'^ de Sitter space is a particularly interesting one as we are able to 
present the calculation both in the curved space and in the embedding space. It is found 
that the responses are qualitatively very similar. This case should therefore be very useful 
in assessing the validity of applying the GEMS procedure to cases involving quotient spaces 
and time dependent detector responses. Chapter [S] is an extended version of [29]. 

I end this introduction with a note on the terminology and conventions used throughout 
this thesis. I use the term "Unruh effect" when discussing the thermal (or partial thermal) 
properties of vacuum states in all flat (possibly topologically non-trivial) spacetimes from 
the point of view of uniformly accelerated observers. The term "Hawking effect" is used 
when discussing thermal properties of states in black hole spacetimes. This terminology is 
in contrast to that used in some of the literature (for example [3] ) , where "Hawking effect" is 
reserved for particle production in a collapsing star spacetime and "Unruh effect" is used for 
the existence of a thermal equilibrium state in a spacetime with a bifurcate Killing horizon. 

We work throughout in natural units h = c = G = I and with metric signature 
(+, — ). In d-dimensional Minkowski space, the spatial {d — l)-vectors are denoted 

by bold face characters x G R''^^ with • the usual scalar product in R''^^, while d- vectors 
(used occasionally) are given by an italic script x with x ■ y = g^^x'^y'^ , where g^i, is the 
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Minkowski metric. 
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Chapter 2 

Unruh effect for massive spinors 
on flat spacetimes of topology 



2.1 Introduction 

In this chapter we consider the Unruh effect for a massive Dirac field, using a Bogolubov 
transformation analysis, on two flat spacetimes with non-trivial topology. Denoted here as 
Mq and M_ , these two spacetimes are built as quotients of Minkowski space under the groups 
generated by the discrete isometries Jo : {t, x, y, z) (t, x,y,z + 2a) and J_ : {t, x, y, z) ^ 
{t, —X, —y, z + a) respectively, where a is a prescribed positive constant. As a by-product 
we obtain the Bogolubov transformation for massive Dirac fermions on (ordinary) Rindler 
space in (3 + 1) dimensions, which to the knowledge of the author has not appeared in the 
literature.^ The underlying interest in Mq and M_ arises from their role in modelling, in 
the context of accelerated observers in flat spacetimes, the Hawking (-Unruh) effect on the 

-"^ Thcrmality for massive fermions on (3 + l)-dimensional Rindler space is demonstrated by other methods 
in [30,31]. The massive (1 + l)-dimensional case is considered in [32]. The massive (3 + 1) case is addressed 
in [33,34] but the Rindler modes constructed therein are not suitably orthonormal in the Dirac inner product. 




X 
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Kruskal manifold and the K.P'^ geon respectively [22]. The Hawking effect on these black 
hole spacetimes for massive spinors is the topic of chapter 13 

The chapter is constructed as follows. We begin in section bv describing the space- 
times Mq and A/_ and their properties. In section [2.31 wc then quantize the spinor field 
in these spacetimes in terms of globally defined Minkowski-like modes and construct the 
Minkowski-like vacuum states |0o) and |0_). Uniformly accelerated observers in Mq are 
introduced in section 12.41 and the Rindler particle content of the Minkowski like vacuum 
|Oo) is found from the explicit Bogolubov transformation. A similar analysis for uniformly 
accelerated observers in Af_ is given in section 1231 



2.2 The spacetimes Mq and M_ 

Let M denote (3 + l)-dimcnsional Minkowski space and let {t, x, y, z) be a standard set of 
Minkowski coordinates. The metric reads 

ds^ = dt^ - dx^ - dy^ - dz^ . (2.1) 

The flat spacetimes Mq and M_ are built as quotients of M under the isomctry groups 
generated respectively by the isometries 

Mq-.^M/Jq, Jo:{t,x,y,z)^ {t,x,y,z + 2a) , (2.2) 
M^:^M/J^, : {t,x,y,z)^ {t,~x,~y,z + a) , (2.3) 

where a > is a prescribed constant. Jq and J_ preserve space and time orientation and 
act freely and properly discontinuously. Mq and Af_ are thus space and time orientable flat 
Lorentzian manifolds. 

As M is the universal covering space of both Mq and M- , we may understand Mq and 
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2.2 The spacetimes Mq and M. 



A/_ to be coordinatized by (t, x, y, z) with the identifications 



Mo : 



{t,x,y,z) {t,x,y,z + 2a) , 



(2.4) 



{t,x,y,z) - {t,~x,-y,z + a) . 



(2.5) 



Note further that Mq is a double cover of Af_ . Field theory on Mq and M_ can be considered 
via field theory on M by the method of images (see e.g [35,36]). 

Like M, A/q and Af_ are static spacetimes with respect to the global timelike Killing 
vector dt- They are globally hyperbolic and have spatial topology x S^. Mq admits 
seven Killing vectors, which generate translations in all 4 coordinates, boosts in x and y and 
rotations in the {x, j/)-plane. M_ only admits three Killing vectors, generating translations 
in t and z and rotations in the (x, ?;)-plane. Conformal diagrams for Mq and M_ in which 
the local y, z coordinates have been suppressed are given in figure 1231 



Figure 2.1: Conformal diagrams of the spacetimes Mq and Af_. On Mq each point on the 
diagram represents a cylinder of circumference 2a. On Af_ the region a: > is identical 
to that on Mq, however at a; = each point represents a suppressed Mobius strip. The 
infinities of the figures are not faithful to the infinity structures of the spacetimes due to the 
suppressed dimensions. 



Due to the factor in the spatial topology, Mq and M^ each admit two incquivalent 
spin structures (see e.g [37]). That is there are two inequivalent but equally consistent ways 




11 



2.2 The spacetimes Mq and M_ 



Chapter 2: Unruh effect for massive spinors 



of attaching spinors to each. Consider first Mq. We refer to the vierbein 

Vo = dt V2 = dy 

Vi = a, v^^d,, (2.6) 

as the standard vierbein on M^. In the standard vierbein the two spin structures amount 
to imposing respectively periodic and antiperiodic boundary conditions as we go around the 
compact z-direction. LabeUing the spin structures by the index 77 G {1, —1}, this means 

^{t, x,y,z + 2na) = r]"-ip{t, x, y, z) , (2.7) 

where n ^1 and 77 = 1 for periodic spinors (untwisted spinors in the terminology of [1,37]) 
and r/ = — 1 for antiperiodic (twisted) spinors. 

Alternatively, another useful vierbein on A/q is one which rotates counterclockwise by 27r 
in the (x,?/)-plane as z increases by 2a, that is, 

V\ = cos{Trz/a)dx + sm{nz/a)dy 
V2 = — sm{'Kz / a)dx + cob{'kz / a)dy 

= d,. (2.8) 

Spinors that are periodic with respect to this rotating vierbein are antiperiodic with respect 
to the standard vierbein and vice versa. Both these vierbeins are invariant under the action 
of Jq. One could further introduce a vierbein that rotates clockwise by 2n in the {x, y)-plane 
as z increases by 2a (replace tt with — tt in (|2.8|l ). but periodic (respectively antiperiodic) 
boundary conditions in this vierbein are equivalent to periodic (antiperiodic) boundary 
conditions in vierbein (|2.8|) . This shows that neither spin stucture on Afg involves a preferred 
spatial orientation. 

Now consider Af_. The standard Minkowski vierbein H2.6|l is not invariant under J_ 
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and therefore does not provide a globally defined vierbein on Af _ . However both the coun- 
terclockwise rotating vierbein H2.8|) and its clockwise rotating analogue are invariant under 
J_ and hence are well defined on Af_. We may therefore specify the two spin structures 
on Ad^ by working in the vierbein H2.8|l and imposing respectively periodic and antiperiodic 
boundary conditions under J_. Labelling the spin structures by the index p G {1, —1} this 
means 



where n & and p — \ for the periodic spinors and p = — 1 for the antiperiodic spinors with 
respect to vierbein H2.8|l . We could equivalently work in the clockwise rotating vierbein and 
interchange the periodic and antiperiodic boundary conditions. This shows that the choice 
of a spin structure on AI^ determines a preferred spatial orientation. For concreteness, we 
shall throughout specify the spin structure with respect to vierbein H2.8|l . 



2.3 Spinor field quantization on Mq and M_ 

In this subsection we consider the quantum theory of a free Dirac field ^ with mass m > 
on AIq and We introduce the Minkowski-like vacua |Oo) and |0_) for which positive 

and negative frequencies are defined with respect to the global timelike Killing vector dt- 
We work in the rotating tetrad (|2.8|) throughout. 

In a general curved spacetime the spinor Lagrangian in the vierbein formalism is [1] 



where is a set of vierbeins, Va ~ V^d^, and 7^ — V^j" are the curved space counterparts 
of the Dirac matrices which satisfy 



i:{t, i-l^y, z + na) = x, y, z) , 



(2.9) 




(2.10) 



(2.11) 



13 



2.3 Spinor Rcld quantization on Mq and M_ 



Chapter 2: Unruh effect for massive spinors 



Vq — V^{d^ + r,i) is a spinor covariant derivative with 

T, = lv:V0..Ary] ■ (2.12) 
Variation of the action with respect to "0 = 7/1^7'^ yields the covariant Dirac equation 

Z7^V^V - wV' = . (2.13) 

It will be useful to work in the local Minkowski coordinates {t, x, y, z) and in the rotating 
vierbein ()2.8(l which is well defined on Mq and Af_ . The Dirac equation H2.13|l then becomes 

^m + (cos {^) + sin {^) dy) + 7^ (- sin ) + cos (^) dy) 

+7' {dz - (7^7' - 7'7')) + imj^J = . (2.14) 

The inner product on M is 

{ipi,i'2) ^ dx dy dz 'ip\ip2 , (2-15) 



on a constant t hypersurface. We denote the inner products on Mq and M_ by (V'i)V'2)o 
and {'ipi,'ijj2)~ respectively. 

Consider first Mq. To construct solutions to (|2.14l) that are positive and negative fre- 
quency with respect to 9i, we begin with the Minkowski space positive and negative fre- 
quency solutions in the standard vierbein (|2.6|l (see for example [38,39]) and transform to 
the rotating vierbein H2.8|l by the spinor transformation associated with a rotation by tt 
in the [x, y)-plane as z increases by a. Working here and throughout this section in the 
standard representation of the 7 matrices [39], 7° = ( -1 ) ^^d 7' — ( ) , where ai are 

the Pauli matrices, o'i = (io)jO'2 = ("^*) and o'3 = {0 -1) , this transformation reads 

ip e 2" — diag ( e 2a ^ e 2a ^ e 2" , e 2a j . (2.16) 
14 
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Solutions on Mq can be found from the Minkowski space solutions via the method of im- 
ages. The periodic and antiperiodic boundary conditions will restrict the momentum in 
the z-direction. We find that a complete set of normalized positive frequency solutions is 

{Uj,k,,ky,kA^ where 



Att V auj 



Uj,k^,ky,k, = -r\l ' " ' ' Wj,fe.,fe„,fc. . 



(2.17) 



with 



Ul 



e 2a 



e 2a 



U2 



e 2a 



e 2a 



V 



(2.18) 



k± — kx i iky and = y + fc^ -|- /j2 _|_ Pq^. gpi^ors that are periodic in the standard 
vierbein H2.6|l . k^ — mr/a with n G Z, and in the other spin structure k^ — {n + ^jir / a with 
71 G Z. kx and fcj, take all real values. The orthonormality relation is 



{UiM^,ky,k,,Uj^k'^^k'k'Jo = SijSnn'KK - K)^iK ^ K) 



(2.19) 



Note that the corresponding delta-normalized modes on Minkowski space are \r^Uj,k^,ky,k^ 
with kz G M. 



Consider now Af_ . As Mq is a double cover of M_ , a complete set of modes can be built 
from (|2.17|l as linear combinations which are invariant under J_ , that is by superposing the 
modes (|2.17|) and their images under J_ with phase factors that lead to the appropriate 
(anti-)periodicity properties. We choose the set {Vj,k^,ky,kA given by 



Vi^k^,ky,k^ = Ui^k^,ky,k^ + pie'' '"'Ui-k^-ky,k^ 



(2.20) 



where kz — {n+ i)7r/a, n G Z and p — 1 {p — —1) gives spinors that are periodic (antiperi- 
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odic) in the rotating vierbein (|2.8|l . As with the scalar field [22] there is a redundancy in 
these T^-modes in that Vj,k^,ky,k^ and Vj,-k^.-ky.k^ are proportional, and we understand this 
redundancy to be eliminated by taking for example ky > 0. The orthonormality condition 
reads 

{Vi,k^,ky,k,,Vj^k'^^k'^^k'^)- = SijSnn'S{kx - k'^)S{ky ~ k'y) . (2-21) 

Note that kz takes in both spin structures the same set of values, which coincides with the 
set of modes in the twisted spin structure on Mq. 

Given these complete sets of modes we may proceed to canonically quantize the field in 
the usual way. That is, we expand the field in these sets and impose the usual anticommu- 
tation relations on the coefficients, promoted to operators (operator valued distributions). 
Let |0) be the usual Minkowski vacuum on M, defined by the set {Uj,k^.ky.kA- We denote 
by |0o) the vacuum on Mq defined by the set {Uj^k^,ky,kA with the suitably restricted values 
of kz and by |0„) the vacuum on A/_ defined by the set {Vj,k^,ky.kA- |0o) and |0_) both 
depend on the respective spin structures, but in what follows we will not need an explicit 
index to indicate this dependence. 



2.4 The Unruh construction and Bogolubov transfor- 
mation on Minkowski space and Mq 

In this section we consider a uniformly accelerated observer on the spacetimes M and Mq. 
We find the Rindler particle content of the Minkowski vacuum |0) on M and the Minkowski- 
like vacuum |0o) on Mq. 

Let Rq be the right-hand-side Rindler wedge of Mq, x > \t\. We introduce in Rq the 
usual Rindler coordinates (r, ^, y, z) by 

t = sinh T , 

X = ^coshr, (2.22) 
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with ^ > and — oo < r < oo, understood with the identification (r, ^, y, z) (r, ^, y, ^;+2a). 
The metric reads 

ds"^ = £,^dT^ - df - dy^ - dz^ . (2.23) 

Ro is a globally hyperbolic spacetime with the complete timelike Killing vector dr = tdx + 
xdt, which generates boosts in the (t, a;)-plane. The worldines at constant ^, y and z are 
those of observers accelerated uniformly in the x-direction with acceleration and proper 
time ^T. 




Figure 2.2: Rindler space. The surfaces x = t and x = —t form horizons for the Rindlcr 
observers. For example an observer in R following the hyperbolic path shown can neither 
send any information to region L nor receive any information from there. The two regions 
are causally disconnected. 

We need in Rq a set of orthonormal field modes that are positive frequency with respect 
to dr- Working in the vierbein aligned along the Rindler coordinate axes, 



y„'' = diag(r\ 1,1,1) , 
17 



(2.24) 



2.4 Bogolubov transformation on Mq 



Chapter 2: Unruh effect for massive spinors 



the Dirac equation l|2.13|l becomes 

{idr + i^j°j'd^ + i^j^'-f^dy + i^T^^S. + ij°j^/2 - mC7°)^ = , (2.25) 

where the 7 matrices are the usual fiat space 7's. A complete set of mode solutions, positive 
frequency with respect to Rindlcr Killing time dr, on Rq can then be found by directly 
separating (|2.25|l by an ansatz of simultaneous eigenfunctions of —idy, —idz and the Rindler 
Hamiltonian. In view of comparison with Af_ in section [2. 51 we wish the solutions to have 
simple transformation properties under J_ . Modes that achieve this are 

i^f.n,k,.kS^.^:V. ^) = N, «) + YfK,^^^ i^o) ^^-+^'^yy+^^'^ , (2.26) 



where 



X 



^ \kl\(^y 



im) 
i{\kz\ - k) 
i{\kz\ - k) 



X^ = 



^(|fc.|-«) 
i{ky + im) 
i{ky + im) 



/ -^^{\kz\-K) \ 

i{ky — im) 
~i{ky — im) 

( ^(fc^ + i„^) \ 

-i{\kz\ - k) 
«(|fcz| - k) 



I 



(2.27) 



and 



No 



e " ^cosh(7rf2)(K2 — fc^) 
47r(fcj, — im)^ a'K{K — \kz\) 
e^^\/cosh(7rr2)(K2 — fcf) 



(2.28) 



4:Tr{ky + im)y^ a'K{n — \kz\) 
j — 1,2, n = {m^ + ky^ + fc^^)^/^, > and fcyGR. In the spin structure where the spinors 
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are periodic (respectively antiperiodic) in the nonrotating vierbein (|2.24|) . the values of 
are mr/a (respectively {n + i)7r/a) with n E 1^. K^j^jj^^ is a modified Bessel function [40]. 
For fc^ ~ 0, we understand the formulas in (|2.26l) - (|2.28|l and in what follows to stand for 
their limiting values as fc^ — > 0+, 

The modes are orthonormal as 

{^^a,ky,k.,i'^n',k'^,kORo = s.,s„n'S{n - n')s{ky - fc;) , (2.29) 

where the inner product is (see e.g [30]) 

(V'i,V'2)flo = J didydz , (2.30) 

taken on an t = constant hypersurface. 



While the above modes would be sufficient for quantizing in Rq in its own right, they 
are not suitable for analytic continuation arguments across the horizons, as the vierbein 
H2.24|) becomes singular in the limit x \t\. We therefore express the modes in the rotating 
vierbein H2.8|) . which is globally defined on Mq. This choice of vierbein will further make 
the comparison to transparent in section 12.51 The Lorentz transformation between 
()2.24|l and l|2.8|l is a boost by rapidity — t in the (r, ^)-plane followed by a rotation by tt as 
z z + a in the (a;, ?/)-plane. The corresponding transformation on the spinors is 

—e^^ip, (2.31) 
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which in our conventions reads 



e 2a cosh I 



e~2S— sinh ■ 



e 2a cosh ^ 



e 2a sinh ^ 



e 2a 



sinh ^ 



e 2a cosh ^ 



e 2a sinh 





e 2a cosh J 



(2.32) 



In the vierbein H2.8I) . our solutions thus become 



(2.33) 



where 



X 



-?e"^(|A:^| - k) 
-ie's^d/czl - k) 

/ e^^(|fc,|-«) \ 
ie~^ [ky + zm) 
(fcj, + im) 

\ e-'^^^dfc.i-K) y 



IR 



e 2 



ie~^^ {ky — im) 
—ie^ {ky — im) 



—ie 2a (|fc^| — k) 
ie^{\kz\ - k) 



(2.34) 



In the left hand Rindler wedge x < —\t\ of Mq, denoted Lq, we may proceed similarly. 
On Lq we define Rindler coordinates (t, ^, y, z) by 

i = — ^ sinhr , 

X ~ —S, coshr , (2.35) 
again with ^ > and — oo < t < oo and with the identifications (r, ^, y, z) ~ (r, ^, y, z + 2a) 
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understood. Note that dr is now past-pointing. In the vierbein l|2.8|) . a complete orthonormal 
set of positive frequency modes with respect to dr is {ipf^ k k } with 



where 



(2.36) 



-ie^{\k^ \ - k) 
—ie^ {ky + im) 



iL 



-'ie~^^ (ky — im) 
ie^ (ky — im) 

T^{ky+im) 



e 2a 



(2.37) 



and the ranges of fi, ky and kz are as in Rq. When fc^ = 0, we define 



These solutions satisfy the orthonormality relation 



(^f:a,fc„,fc.,V'i;o',fc;,fci)Lo = 6.,6nn-5{n-n')5{ky - k'y) , (2.38) 

where the inner product reads as in H2.30|l with Rq replaced by Lq. 

We may now quantize the field in i?o and in the usual manner. A complete set 
of positive frequency modes with respect to the future-pointing timclike Killing vector is 
{^i^n,fc„,fcj^:a;,y,z)} in Rq and {tp^.^uMy^kS^^^^V^ ^)} -^o, both with f7 > 0: The minus 
sign in -0^ arises because dr is past-pointing in Lq. The expansion of the field in these modes 
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and their charge conjugates reads 



/•OO /'OC 

* = y]y] / dn dky [aln,ky,k,'4^f,n,ky,k^ + a'^,n,ky,k,'^i-n,ky,k. 

„ Jo J-oo ^ 

^f}i,ky,k^''^'f,n,ky,k^ ''^^j}i,ky,k^''Pj,-n,ky,k^^ ' (2.39) 



3 n 



In the standard representation the charge conjugation reads 



= i-y^tp* 



1 
0-10 
0-100 
10 



r 



(2.40) 



where the superscript stands for charge conjugation and * for normal complex conjugation. 
It follows that 



V'i,a,fe,,fe,(i,a;,2/,^;) = - a;, y, i;) 



R,c 



^ n k 



(2.41) 



with analogous expressions for tpi and V-'l'- For modes at = these expressions are 
understood in the limit limj.^^o+- We now impose the usual anticommutation relations for 
the annihilation and creation operators 



{<n,ky,k.,afl,^^,^,,} = 6ij6nn'S{n - n')S{ky - k'^) 
{^f,n,ky,k.,hf},,^^,^^^,^] = 5ij5nn'S{n - n')5{ky - k'^) 



(2.42) 



with similar relations holding for afa i^^ i.^ and afj^i^k' ,k' ^^'^ mixed anticommutators 
vanishing. This construction defines the Rindler-like vacuum states \0ro), and \0lo) on Mq 
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as the states annihilated by all the appropriate annihilation operators. 

btn,k,,kjOL„)=0 , yi,n,ky,k,. (2.43) 

Now, we wish to find the Rindlcr mode content of the Minkowski-like vacuum |0o). 
While we could proceed directly by calculating the Bogolubov transformation between the 
modes (|2.17|) and (|2.33|) it is easier to follow Unruh's analytic continuation method [14]. 
That is, we build from the Rindler modes (the ■0 modes) a complete set of linear combina- 
tions, denoted here as M^-modes, which are purely positive frequency with respect to the 
global timelike Killing vector dt- The vacua of these M^-modes is |0o) and the Bogolubov 
transformation may be read off easily from the expansion of the field in them. 

As the positive frequency Minkowski modes can be defined by the property that they 
are analytic and bounded in the entire lower half complex t plane, we may construct the 
VF-modes by analytically continuing the set ky fc^l across the horizons into the other 

wedges in the lower half complex i-plane. The continuation into the F wedge transforms 
our solutions as ^ 

i^f,n,ky,nit, 2;, y, z) ^ ijf^n,ky,nit, 2;, y, z) , (2.44) 

where 

i^ln,ky,kAt,x,y,z) = e(^"-4)^iVi(xrif,^_.(z<)e-(^"-^)- 

+ ^^r^^o+i (jKC)e-('"+^)^) e'''yy+''''' , (2.45) 

i^i,n,ky.kAt,x,y,z) = e('"+^)¥iV2(xfX,^_.(*<)e-(^"-^)^ 

+ YfK,^+i{iK^)e-'''"+^^''^e'''yy+''''^'' , (2.46) 



^More details of this analytic continuation are given in appenixEl 



bl^n,ky,kJ^Ra) = 
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the modified Bessel function K^Qj.i{iK^) can be given in terms of Hankel functions as [40], 



(2.47) 



The spinorial factors are given by 



IF 



X 



IF 



-ie"^(|fc^| - k) 
-ie^{\k^\ - k) 



e 2£ 



{ky 



IF 



IF 



e'a" (^ky + im) 
and the coordinates (r, ^) are in F defined by 



-e~^ (ky ~ im) 
e~ (ky — im) 



-le 



e 2. 



n) j 



-ie 2a [\k^\ - k) 
ie^ 



\k.\-K) 



-e '^^T^Aky + im] 



(2- 



t = ^ cosh T , 
a; = ^ sinh r , 



(2.49) 



with ^ > 0, — oo < T < cx). These modes are by construction positive frequency with respect 
to dt for all O e M. Continuing further into Lq, we find 

^ln,ky,k. - e^'''^^^^''i^2.n,ky.k. , (2-50) 

where (r, ^) are in L given by H2.35|l . Making use of the analogues of (|2.41l) in Lq, we thus 
see that a complete set of normalised positive frequency M^-modes {Wj^Q,ky,kA '^^ is 
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given by 

•\/2cosn(7riZ) ^ ^ « j. . « ^ 

with O e M. 

It will be useful to split these modes into two sets, as 



where now f2 > 0, and we have made further use of H2.41(l and their analogues in Lq. For 
kz — we interpret (|2.52|l in the sense 0+. The normalization is 

{W,,n,k„k^,W,,n',k'^,kOo = S,,Snr.'6in - n')d{ky - k'y) . (2.53) 



We may now expand the field in terms of the W^-modes H2.52|l as 

POO POO /() () () () 

^j,n,ky,k^^j,n,ky,k^ ~^ '^'j,n,ky,k^^j,Q,',ky,k^^ (2-54) 

and impose the usual anticommutation relations on the annihilation and creation operators 
in H2.54|l . The vacuum state for the W^- modes is by construction |Oo), with 



4ifc..feJ0o)=rf!ifc„,fcj0o)=0, ya,t,il,ky,kz . (2.55) 



Equating the expressions H2.54|l and (|2.39|l and taking inner products with the modes, we 
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find that the Bogolubov transformation between the Rindler modes and W^-modes reads 

^■'"^'''"''^ " V2cosh(7rf]) y ^■■"''^-'•^ \n.-k,.-kj > 

- ^ 2cosh(7rl]) ^^'-f^.'^^.'^^ + ^ ^,;fi,-/c„,-fej > 



To find the expectation value of the number operator for Rindler modes in the vacuum 
|Oo), we use H2.56|l to compute 

iOo\a^kky,kAn'.k'y,k'jO^) = (^^2J+i) SvSnn'Siky - k'^)S{n - n') . (2.57) 

From (|2.57(l we see immediately that the Minkowski-like vacuum on Mo contains Rindler 
particles. Further, the expected number of Rindler particles in the Minkowski-like vacuum 
is given by the Fermi distribution function. Recall that an observer with constant ^ is 
uniformly accelerating with proper time and acceleration The proper energy of a 

Rindler particle seen by such an observer is thus not but Q/S,. The usual interpretation 
of (|2.57|) is then that a Rindler observer at constant ^ sees the Minkowski vacuum as a 
thermal bath at temperature T — ^ where a = 1/^ is the observer's acceleration. We must 
note of course that setting primed and unprimed indices in H2.57|l equal gives a divergent 
result, due to the continuum normalization of our modes. A finite result may be obtained 
by considering wave packets, as done for the scalar field in [22]. 

We can gain more insight into the situation by writing the Minkowski-like vacuum |0o) 
in terms of the Rindler vacuum |Oflf,). Making use of the inverse Bogolubov transformation 
to H2.56|l . we find 
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where we have introduced a = +1, (—1) to label particle (antiparticle) modes respectively 
and the notation on the right hand side is adapted to the tensor product structure of the 
Hilbert space considered: 

k>+j,f2.fe^,fc, = (aff2,fc„,fcj'|0/?o> k)+,j,n,ky,k, = ("j;kfe„,fej''|0io> > 
k)^,,.n.k,,k. = ibfl,k,,kJ'\ORo) = ibfkk,,0'\OLo) ■ (2.59) 

The result H2.58|l is the massive fermion version of the familiar bosonic result [1] , indicating 
an entangled state in which the right and left Rindler excitations appear in correlated pairs. 
Suppose we consider an operator A^^^ whose support is in the right hand Rindler wedge 
only. This operator will not couple to any of the degrees of freedom of the field in the left 
hand wedge, and we must trace out these degrees of freedom. The operator has expectation 
value (Oo|i(i)|0o) = Tr{A<^^^ p'-^^), where is a fermionic thermal density matrix in Rq, 

P^'^'' " n X! V g-2m^n\^^^,j:^,ky,k, aj,n,ky,kil\ ' (2-60) 

aj,n,ky,k^ 9=0,1 ^m=0,l 

We can conclude that such an operator sees |0o) as a thermal bath at the usual Unruh 
temperature. Similar conclusions can be made for any operator whose support is entirely in 
the left hand wedge. 

It is important to note the formal nature of (|2.58|l : The normalisation factor is actually 
divergent, owing to the infinite product over modes and indicating the non-existence of a 
unitary operator linking the two vacua. This is not a problem however as the thermality 
arguments can in fact be made mode for mode (see e.g [31]). Further we note that the 
usual discussion may follow about the relation of (|2.58|) to Thermofield dynamics (as first 
discussed by Israel in [13]). 

The result H2.58|) incorporates the two spin structures on Mq, Rq and Lq in the allowed 
values of fc^, and these values are the same in all our mode sets. The twisted (respectively 
untwisted) [Oq) thus induces twisted (untwisted) thermal states in both Rq and Lq. 

To end this section, we note that the Bogolubov transformation on Minkowski space 
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can be read off from our formulas on Mq witli minor systematic clianges. There is now 
only one spin structure and takes all real values. The expressions for the various mode 
functions include the additional factor -y/ a/tt, sums over n become integrals over kz , and in 
the normalization and anticommutation relations the discrete delta dnn' is replaced by the 
delta-function d{kz — fc^). The formulas involve still a because the spinors are expressed in 
the rotating vierbein H2.8|l . Translation into the standard vierbein H2.6|l can be accomplished 
by the appropriate spinor transformation. 

2.5 The Unruh construction and Bogolubov transfor- 
mation on M- 

In this section we repeat the analysis of the previous section for i\f _ . 

Let i?_ denote the Rindler wedge on Af_, given in our local coordinates by \x\ > \t\. As 
is isometric to Rq, we may introduce in the Rindler-coordinates (r, ^, y, z) by (|2.22l) . 
again with the identifications (T,S.,y,z) ^ (T,^,y,z + 2a), and quantize as in Rq, defin- 
ing the positive and negative frequencies with respect to the Killing vector dr- The set 

1^ 1^ } (|2.33|) is therefore a complete set of positive frequency Rindler modes on 
We could work directly with this set, but for convenience of phase factors in the ly-modes 
(|2.72|) below, we use instead the mode set {^j^ji k k }' defined as in H2.33|l except with the 
normalization factors H2.28|) replaced by 



e 2 yj^cosh{nQ){K^ — k^) 

J^i — . , 

47r(fcy — im)y/aTr{K — \kz\) 



^ e ^ Vcosh(7rO)(K2 - fc2) 
47r(fcy -|- im)\/ aT:{K — \kz\) 

A key difference from i?o arises now, from the requirement that the spinors on i?_ must 
be extendible into spinors in one of the two spin structures on M_. By the discussion in 
section ITU this implies that is restricted to the values k^ — (n + i)7r/a with n e Z. 
Both of the spin structures on M_ thus induce on i?_ the same spin structure, in which the 
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spinors are antiperiodic in the nonrotating vierbein H2.6() {"^ffi k k } ^ complete set of 
positive frequency solutions in written in the globally defined rotating vierbein ]'2.H\i . 
The inner product on i?_ is as in (|2.30|l and the orthonormality relation is 

*j'o',fc;,fei>i?- = s,,s„^,s{n ~ n')s{ky - fc;) . (2.62) 

We quantize the field in i?„ by expanding ^ as 

* = V/ dn dky(ai^Q^ky,k,^i,n,ky.k,+a2,n,ky,k,^2.n,ky,k, 
„ Jo J-00 ^ 

+ b[,nM,,k.'ff:n.k,M. + bln.k^M.KnMy.k.) (2-63) 

and imposing the usual anticommutation relations for the annihilation and creation oper- 
ators. The Rindler- vacuum |Ofl_) on i?_ is the state annihilated by all the annihilation 
operators in (|2.t)3|) . 

ai,n,fca,fcjO/?_) = &i,n,fc^,fcjOH_) = , yi,n,ky,kz . (2.64) 



To find the Rindler-mode content of |0_), we again use the analytic continuation method. 
Working in the local coordinates {t,x,y,z), we continue the modes /c k } across the 

horizons in the lower half-plane in complexified t and form linear combinations that are 
globally well-defined on M_. We begin by continuing the {'^ffi k k } i'^^*^ ^^'^ ^ region in 
the lower half complex t-plane as on Mq. We obtain the modes {'^^i^ fc fc } identical to the 
{"^Jn k fc } H2.45|l and (|2.46|) but with Nj as in H2.61|l . These modes are a complete set 
of VF- modes in the F region of Afp (with the suitable restrictions on k^)- The analogous 
modes on A'f_ may be built from these via the method of images. As we are working in 
the globally defined rotating vierbein which is invariant under J_ , the W^-modes on _F_ are 

^This is easily seen by noting that a vierbein which rotates by tt (repectively — vr) as z z + a thus 
rotates by 2tt {—2tt) as z — > 2 -|- 2a. As we noted earlier these two vierbeins on Mq are equivalent when used 
to specify the spin structure. 
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simply given by (see e.g. [36]) 

W^/!:2,fc„,fc,(i>a;,2/,z) oc ^ln^k^^k^{t,x,y,z) + p^l^^k:^^k^{t,-x,-y,z + a) , (2.65) 

where f2 € R and we have used the parameter p = +1, (— 1) to label W^- modes with periodic 
(antiperiodic) boundary conditions respectively. Now it is easy to show 

Kn,k,,kAt,-x,-y,z + a) = e-""«'|;_f,^„fe^_fc^ (i, y, z) , (2.66) 

'^ln,k,,kAt,-x,-y,z + a) = e-^''^l_,,^_k^^,^it,x,y,z) , (2.67) 

so that 

W[,n,k„kAt,x,y,z) cx ^^^.^^^^^(t, x, z) + pe-""*^_o,-fc„,fc. 2:, y, z) , (2.68) 

Wi^n^^kAt^x^y^z) cx ^i;^,^^,^^*, z) + pe-""*f;_o,„^,fcJt, a:, y, z) , (2.69) 

with G M. There is a redundency in the VF-niodes ()2.68f) and (|2.69|) in that 



W[,n,k,,k. « Wi,-n,-k,,k. , (2.70) 



and we eliminate this redundancy by taking > and — 00 < fcj, < 00. Continuing back 
to i?_ in the lower half complex t plane, '^f^ k^ ^f n ky k^ ' ^^'^ making use of the 
relations 

*fn,fc„,fe,(*'2;,y,z) = a;, y, z) , 

*2!n,fc„,fc,(*'2;,y,z) = ^^'_^^^ky,-kS^,x,y, z) , (2.71) 



30 



Chapter 2: Unruh effect for massive spinors 



2.5 Bogolubov transformation on Af„ 



we find a complete set {Wj^^ f.^ j,^} of M^-modes on i?_ to be 
witli > 0. Tfie ortlionormality condition is 

= s.,s„„,s{n - n')S{ky - k'^) . (2.73) 



The expansion of the field in Vl^-modes reads 

~^ 'A,n,ky,k^^l,h,ky,k^ ~^ ^2,n,ky,k^^2,h,ky,k^) ' (2.74) 



^2 n k k 



wliere k^ — -^^^^^^^ Tlie annihilation and creation operators in (|2.74() satisfy the usual 
anticommutation relations, and |0_) is the state annihilated by the annihilation operators. 
It follows that the Bogolubov transformation between the Rindler-modes and the ly-modes 
reads 

^2cosh(7rf7) V . . «. - 2M,ky, k,j 



0'2,n,ky,k^ 

Ank k 



blnk k 



Now consider the expectation values of the Rindler mode number operators in the vacuum 
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|0_). Using (ETSJ, we find 

(0-|aU,fe„,fc,«j,fi',fc„',/c,'|0-) = ^^2nnj^ ^^ SijSnn'S{ky - ky')S{fl - n') , (2.76) 

which is identical to the Mq resuh H2.57|l and hence compatible with a bath of Rindler 
particles at the usual Unruh temperature. Note further that the expectation values are the 
same in both spin structures. More information may however be gained by expressing |0-) 
in terms of \0r_)- The expression analogous to (|2.58|) is 

n ^2^, ' (2.77) 

where a = +1(— 1) and 

\q}+,j.nMy,k, = (a],o,A;„,fcJ''|0«-) ' 

\q)-,j,n.ky,k^ = {bln,ky,kJ'\OR_) . (2.78) 

From 12.77|l it is seen that |0_) is in fact an entangled state of Rindler-excitations, and 
the correlations are between a particle and an antiparticle with opposite eigenvalues of kz 
both located in This is in some sense what we would expect as the involution giving 
M_ from Mq identifies the two Rindler wedges. As all the excitations are in the unique 
Rindler wedge the expectation values of generic operators in i?_ are not thermal. 
However, for any operator that couples to one member of each correlated pair in the 
expectation values will be indistinguishable from those in the corresponding state |0o) in Rq, 
indicating thcrmality in the standard Unruh temperature. Consider for example an operator 
A, concentrated on an accelerated worldine in such that A only couples to one of the 
Rindler modes, say V'i,n,fca,/c^ • The expectation value of A is then 

(0_|i|0_> = n n+e-^-") ^ e-^^-%,i,n,.„..(g|i|g).,i.o..„,fe. , 

a,n,ky,k^ ^ ' 9=0,1 

= Tr(ip(i)), (2.79) 
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where p^^^^ has the form of a thermal density matrix. We can conclude that A sees |0_) as a 
thermal bath at the usual temperature. This is also the case for example for any operator 
that only couples to excitations with a definite sign of k^. In particular, we have seen that 
the number operator expectation values are indistinguishable from (|2.57|l . Further it can 
be argued from the isometrics as in [22] that the experiences of a Rindler-observer become 
asymptotically thermal at early or late times. 

A key result of our analysis is that while both spin structures on M„ induce a state in the 
same spin structure in i?_ , the explicit appearance of p in H2.77|) shows that the two states 
differ. A Rindler-observer in i?_ can therefore in principle detect the spin structure on M_ 
from the non-thermal correlations. How these correlations could be detected in practice, for 
example by particle detectors with a local coupling to the field, is an interesting question 
that we will touch upon in chapter[Sl As the restriction of |0_) to i?_ is not invariant under 
the Killing vector dr, and as the isometry arguments show that the correlations disappear 
in the limit of large |t|, investigating this question requires a particle detector formalism 
that can accommodate time dependent situations [25]. 
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Chapter 3 



Hawking (-Unruh) effect for 
massive spinors on the Kruskal 
manifold and the RP^ geon 



3.1 Introduction 



In this chapter we analyze the Hawking effect on the RP^^ geon black hole spacetime for a 
massive Dirac field. Section \'6 . 21 begins by reviewing some relevant properties of the Kruskal 
manifold and the MF^ geon. Here we also discuss the spin structures that these spacetimes 
admit. In section 13.31 we consider spinor field theory on the geon and we construct the 
Boulware vacuum \0b) in one exterior region. This construction is analogous to that of the 
Rindler vacuum \Oji) in section 12.31 In section 13.41 we construct the Hartle-Hawking-like 
vacuum |0g) on the geon and compute the Bogolubov transformation between |0b) and 
|0g). We also give an expression for |0g) in terms of |0b), analogous to equation H2.77|l . 
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3.2 Kruskal spacetime and the MP^ geon 



In the notation of [22], the Kruskal metrie in the Kruskal coordinates {T,X,d,ip) reads 

ds' = ^^e-'-/(^*^)(dT2 - dX') - r^{de^ + sin^ 0^0^) ^ (3^^) 
r 

where M>0, T^ — X^<1 and r is determined as a function of T and X hy T"^ — X"^ = 
1 — r/(2M). The manifold consists of the right and left exteriors, denoted respectively by 
R and L, and the black hole (future) and white hole (past) interiors, denoted respectively 
by F and P, separated from each other by the bifurcate Killing horizon at |T| — \X\ (see 
the conformal diagram, figure IXT|l . The four regions may be individually covered by the 
Schwarzschild coordinates (t, r, 6, 0), in which the metric reads 

ds" = (1 - — ) dt^ - '^''^^ - r^{de^ + sin^ Odc^^) , (3.2) 

where 2M < r < 00 and t (r) is timelike (spacelike) in the exteriors while < r < 2M 
and t (r) is spacelike (timelike) in the interiors. The transformation between Kruskal and 
Schwarzschild coordinates reads 



T= ± 
X = ± 



\2M J \AM ) ' 

(—-lY e'-/(4*^) cosh ( —\ , (3.3) 
V2M / \AM r ^ ' 



in R (+) and L (— ), and 



X= ± (-^ + 1) %'/("') smh(j|j) , (3,4) 



r 
r 

2M ' V " yiM J 

in F (+) and P (— ). The exteriors are static, with the timelike Killing vector dt. The 
Kruskal manifold is a globally hyperbolic, inextendible black hole spacetime. The analogy 
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between the accelerated observers in Minkowski space with constant ^, y, z and the static 
observers in the Schwarzschild region R with constant r, 6, (j) is clear. The vector dt in 
Kruskal is analogous to dr which generated boosts in the flat spaces, while dr is analogous 
to dt in Minkowski space (however Ot is not a Killing vector on the Kruskal manifold). 
The Kruskal manifold has two static regions, each isometric to the Schwarzschild spacetime, 

r=0 




r=0 

Figure 3.1: Conformal diagram for the Kruskal Spacetime. Each point on the diagram 
represents a suppressed 2-sphere. 

causally disconnected from each other and separated by a bifurcate Killing horizon. No 
event in R can causally influence any event in L, and vice versa, as the two regions are 
connected only by spacelike curves. 

The MP^ geon is the quotient of the Kruskal manifold under the Z2 isometry group 
generated by the map 

J : (T, X, e, 4>) ^ (T, -X,tt~9,<I) + tt) . (3.5) 

The construction is analogous to that of M_ from Mq in section 1??^ Taking the quotient of 
the Kruskal manifold under the map (|3.5|l identifies the two exterior regions with a reflection 
in X accompanied by an antipodal map on the 2-sphere. (|3.5|l preserves space and time 
orientation and acts freely and properly discontinuously. The MP^ geon is thus a globally 
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hyperbolic inextendible black hole spacetime which is locally isometric to Kruskal but which 
contains only the one exterior region R. The regions X > oi the Kruskal manifold and 
the MP'^ geon are isometric. Figure IT^ is a conformal diagram of the geon. 




Figure 3.2: Conformal diagram of the WF^ geon spacetime. The regions X > of Kruskal 
and the WF^ geon are isometric. Points X > represent a suppressed 2-sphere while points 
at X = represent a copy of MP^ . 



As the Kruskal manifold has spatial topology M x 5*^, it is simply connected and has a 
unique spin structure. The quotient construction implies [41] that the geon has fundamental 
group Z2 and admits two spin structures. As in section lT^ we describe these spin structures 
in terms of periodic and antiperiodic boundary conditions for spinors in a specified vierbein. 
On Kruskal, a standard reference vierbein is 

^^^\/^"'^^^ ^3 = ^9,, (3.6) 
which is aligned along Kruskal coordinate axes. This vierbein is not invariant under J. A 
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second useful vierbein which is invariant under J is 



J. I ^ ^ sin<p 



■ J. -^a , COS0 

V3 = -^d^, (3.7) 

which rotates by tt in the {X, 9) tangent plane as </> increases by tt. The vierbein (|3.7|l 
is well defined on the geon, and when the spinors are written with respect to it, the two 
spin structures correspond to respectively periodic and antiperiodic boundary conditions as 
(j) i~* (j) + TT. Alternatively we could consider an invariant vierbein which rotates by — tt as 
(j) (f> + n again imposing suitable boundary conditions. Periodic spinors with respect to 
this vierbein would be antiperiodic with respect to (|3.7|l and vice versa. Both 1)3. 6|) and 
(|3.7|) are singular at 6* = and 6 = tt, but these coordinate singularities on the sphere can 
be handled by usual methods and will not affect our discussion. 

In practice, we will work with the standard Kruskal vierbein 1)3. 6|l . Although this vierbein 
is not invariant under J it is the simplest one to work with on the Kruskal manifold. The 
boundary conditions appropriate for the two geon spin structures will be found by the 
method-of- images technique of the Appendix of [36] . 



3.3 Spinor field theory on Schwarzschild spacetime and 
the Boulware vacuum 

In this section we review the construction of the Boulware vacuum |0b) for a massive Dirac 
field in one exterior region of either Kruskal or the RP^ geon [42]. The Boulware vacuum 
is that empty of particles when positive frequency is defined with respect to Schwarzschild 
Killing time 9*. While this vacuum as such is well known, we will need to decompose the 
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field in a novel basis in order to make contact with the geon in subsection 13.41 

We consider the quantization of the spinor field iJj in one exterior region R in 
Schwarzschild coordinates. Here there are two natural choices of vierbein to work with. 
The first is aligned along Schwarzschild coordinate axes, the second aligned along a set of 
axes oriented relative to fixed orthogonal directions [43] . We choose to work with a vierbein 
aligned along the Schwarzschild coordinate axes, given by 



V,^ = diag 



1 



2M 

r 



1 



(3.8) 



This choice has the disadvantage of a more complex angular component analysis but the 
advantage of being analogous to the vierbein (|2.24l) used in our Rindler calculations. 

The Dirac equation p.f 3|1 then reads 



m + 



-dg sin2 6 + 



ir sm2 



ir sm f 



(1 



-dt 



2M\2 



ir 



r ) 



= 



(3.9) 



where the 7 matrices are flat space 7's. 

Let us at this point choose a particular representation of the 7 matrices. We take 



f 

f 

f 

y f y 



, 7 



-f 

-f 

too 

y f 





i 

i 





/ 



7 = 



-f 

-i 

i 

i 



(3.f0) 
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This particular choice is made in order to simpHfy the angular analysis and the radial 
equations. It has the advantage that charge conjugation takes the simple form 



1 ^ 

10 

0-10 

-I J 



r 



(3.11) 



where * stands for complex conjugation as in chapter |2] 

We seek a complete set of orthonormal solutions to (|3.9|) , positive frequency with respect 
to Schwarzschild Killing time dt- We use the separation ansatz 



'ipuj.k',m'it,r,0,(f)) ^ N- 



(3.12) 



where > for positive frequency modes. The angular eigenfunctions Y^^, [9, (j)) are an 
orthonormal set of eigenfunctions of J3, ,P and K where 



J3 
J± 

K 



-id. 



'0 ' 



= e^"'' [±da-cot9-d, 



1 17^7'^ 



2 sin 6* 



iPl^ il^—^de sin5 6 + 1^-^84 
\ i sin 2 6* isme 



(3.13) 



with the properties 



KY^,{0 



= m'Y'lA 



= bXj + i)-'^'(m'±i)]5y,;;:±i(0,, 



fc'r';;(0,, 



(3.14) 



where j = ^, |, |, . . ., m' = — j, — j + 1, . . . , j and k' — ±(j + i). These operators are ob- 
tained from the usual angular operators J3, J±, K used in Minkowski space quantum field 



40 



Chapter 3: Hawking effect for massive spinors 



3.3 Boulware vacuum 



theory (i.e relative to a Cartesian set of axes) using the relevant spinor transformation which 
corresponds to the transformation between a Cartesian vierbein oriented relative to fixed or- 
thogonal directions and the vierbein H3.8|) . This transformation is discussed in Boulware [42] 
(see also [43] for a discussion of these two simple choices of vierbein in the Schwarzschild 
geometry). J3, for example, is the total (orbital plus spin) angular momentum about the 
x^-axis and so m' takes half odd integer values. This is clear when written in the Cartesian 
vierbein oriented relative to fixed orthogonal directions but is not clear from the form in 
1)3.14(1 as (|3.14|l is written with respect to vierbein l|3.8|l . Following Boulware (see Appendix 
A of [42]) we may now construct explicit expressions for the Yj^,{9,(p) eigenfunctions. We 
find 



(j - m')! 



d 



d cos 9 



n2j 



e'(tan ■ 



-V-fe' , (3.15) 



where ipk' 
later 



V2\k'\ 



k' 



Further we find the following relations which will be useful 



^(-l) 



J- 1/2 



k' 



k' I 



(3.16) 
(3.17) 
(3.18) 



where cr,- are Pauli matrices. These spinor harmonics are normalized such that 



u Un 



angles 



(3.19) 



For a complete set of orthonormal mode solutions we must now find a basis of solutions 
for the radial functions F{r) and G(r) which are suitably orthonormal. The radial functions 
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satisfy 



1 ]drF-iujF^ 1 im]G , (3.20a) 



r / \ r I \ r 



1 _ drG + iuG= (l- —\ U-+im\F. (3.20b) 



r J \ r J \r 

Following Chandrasekhar [44] , we reduce the radial equations (|3.2U|) to a pair of Schrodinger- 
like equations. Writing 



F{r)\ I i(Z+ + Z_)e(-^*"'^ 
G{r) j I i(Z+-Z_)e(^*"""'(Tf» 



we find that Z± satisfy 



where 



(3.21) 



^ TW ) Z± = iuZ^ , (3.22) 



where f* r* + J-tan-\^), r* = r + 2M\n(\r ~ 2M\/2M) and 

(r^-2Mr)i(fe'^+mV)i 
r2(fc'2 + m2r2) + ^(r2-2Mr) ■ ^' 

Z± hence satisfy the one-dimensional time-independent Schrodinger equations 

^+Az^=ViZ^, (3.24) 



V±^W^±^. (3.25) 



From the usual one-dimensional scattering theory the eigenvalue spectrum for u is seen to 
be continuous and consists of the entire positive real line [45] . 



Suppose first lo'^ > m? . The eigenvalue spectrum is then degenerate of order 2. One way 
we can break this degeneracy and obtain a complete set of orthonormal solutions would be 
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to choose the solutions that have the scattering theory asymptotic form, 



(3.26a) 



i± e 



(3.26b) 



where p = (u!-^ — m?). Z± is purely ingoing at the horizon and Z± is purely outgoing 
at infinity. Considering the Wronskian between these solutions in each asymptotic region 
yields relations between the transmission and reflection coefficients 

(i-M±n - -I sip, 

UJ 

uj B± = p B± , 
-B± A± = ujA± B± , 

B± 

I il |2 = I i± p . (3.27) 
From H3.22|) it further follows that 5+= — -B- and A+= — j4_. We may therefore take for 
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our radial modes the following basis, 

















] 




( 










■•( 






















^ oo 



(3.28) 



where g,. = ( i tan-i(ff )) + (pn + ln(^)). Here 




mode at the horizon, while 




is a purely ingoing radial 



is purely outgoing at infinity. However, to be able to 



handle the geon in subsection 13.41 we will need modes that transform simply under charge 
conjugation (|3.11() and under J (|3.5|l when continued analytically into the F region. Using 
the properties of the reflection and transmission coefficients (|3.27|) and the properties of the 
spinor spherical harmonics H3.f 6|I - H3.f 8|) . we find after considerable effort that a convenient 
set of positive frequency Boulware modes is {'^^ given by 



g-^0-m' + (||^-l)/2)^_,^t 



u(r)r„';:(0,, 

«(r)r^;(0,< 



(3.29a) 



(3.29b) 



where the radial functions with superscript are specified by the horizon asymptotic be- 
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haviour 



and 



u(r) 
v{r) 



1 

Ttt 



+ 

V 



1 + Vl-UPl I e*"'^* 



A, 



r —00 



1 + Vi-UP V ^ 



u[r) 
v(r) 



1 

1 



u(r) 
v(r) 



+* 



uk' 



(3.30a) 



(3.30b) 



The key property for charge conjugatfon is Ij3.30bp . The modes {^'^j./ „j/} are complete for 



> and delta-orthonormal in the Dirac inner product 



taken on a constant t hypersurface. 



smO dO d(t) I dr rV'iV'2 j 



2 A/ 



(3.31) 



Suppose then < o;^ < in H3.24|) . There is now only one linearly independent delta- 
normalizable solution for each w. This solution vanishes at infinity and has at the horizon 
the behaviour 

Z± = a± cos(ijjf* + (5±) , f*—f — oo , (3.32) 

where a±, and 5± are real constants. Physically these solutions correspond to particles 
that do not reach infinity. Proceeding as above, we find that a convenient set of positive 
frequency Boulware modes, complete for < uP < and delta-orthonormal in the Dirac 
inner product (|3.31|) . is 



I 



k' I 



(3.33) 



\ G(r)r„';,(0, 
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where < w < m and the radial functions are specified by the horizon asymptotic behaviour 




Up to this point we have used the Schwarzschild vierbein (|3.8|) . To make contact with 
the geon in subsection 13.41 we need to express the modes in a vierbein that is regular at 
the horizons. We therefore now transform our modes to the Kruskal vierbein H3.6|) by the 
spinor transformation ip i-^ e™*^ ip- We suppress the explicit transformed expressions and 
continue to use the same symbols for the mode functions. 

We are now ready to quantize. The field is expanded in our orthonormal modes and 
their charge conjugates as 

k',m' 

+ bl^y.rn'K:t'.n,+bl^^^k'.n'Kfk'.n') > (3-35) 

where the annihilation and creation operators satisfy the usual anticommutation relations. 
The vacuum annihilated by the annihilation operators is the Boulware vacuum \0b) 

aoj.k^m' \0b) = b^,k',m' \0b) = a±,t^,fc%m' |0b) = b±^^^k',rn' \0b) , Vw, k', m' . (3.36) 

The Boulware vacuum here is analogous to the Rindler vacuum \0r_) in section \0b) is 
by construction the state void of particles defined with respect to the Schwarzschild Killing 
time. It is the natural vacuum for static observers in the exterior region R. 
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3.4 The Hartle-Hawking-like vacuum and Bogolubov 
transformation on the geon 

In this section we decompose the geon Hartle-Hawking-hke vacuum into Boulware excita- 
tions. We use the analytic continuation method, foUowing closely subsection l2.5l 

The Hartle-Hawking vacuum on the Kruskal manifold is defined by mode functions that 
are purely positive frequency with respect to the horizon generators and hence analytic in 
the lower half-plane in the complexified Kruskal time T. It follows that on Kruskal we can 
construct W^-modes whose vacuum is the Hartle-Hawking vacuum by analytically continuing 
the Boulware-modes across the horizons in the lower half-plane in T. The quotient from 
Kruskal to the geon defines in each spin structure on the geon the Hartle-Hawking-like 
vacuum |0g), by restriction to the Kruskal VF-niodes that are invariant under the map 
J (|3.5|) . Our task is to find these modes. 

We begin by taking our positive frequency (lu > 0) modes ^MB, (|3.29bp and 
written in the Kruskal vierbein (|3.()|) and continuing them across the future horizon into the 
interior black hole region F in the lower half complex T-plane. Let us consider a general 
positive frequency mode solution to equation (|3.9|1 near the horizon r — 2M. In the Kruskal 
vierbein this can take the form 



A 

Ki-^)* I I 



(3.37) 

where A and B are arbitrary constants, A'^ is a normalization factor and w > 0. Writing this 
in Kruskal coordinates, it becomes 



iP^{T,X,0,4>) = N 

1 (^^j,)-4M.. T 




(X-T) 

k' 



AMuji 



X-T 



B 



X + T 



LOk' 



r (X^-r^)i ^rrAO,cb). (3.38) 
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Continuation to F in the lower half complex T-plane is then implemented by the substitu- 
tions (X-T)i/4 ^ (T_x)i/4e*'^/4 and ln{X-T) ^ \n{T-X)+iTr, under which ^ 
where 



I 




[T - X 



X + T 
T-X 







B 



(X + T) 



T-X 
X + T 



1 (r/2M)i/2e'^/8M 



(r2 - 



(3.39) 



We need to build from H3.39|l modes that are well-defined in the F region of the geon by 
the method of images. If we were working in the rotating Kruskal vierbein which is invariant 
under the involution J the method of images could be applied directly and we would have 

W^{T, X, e, (f>) = ^j^{T, X, 9, 4)) + e^j^{T, -X,tt - e,(f> + n) , (3.40) 

where e = 1, (—1) labels fields with periodic (antiperiodic) boundary conditions respectively. 
However we are instead working in the standard Kruskal vierbein which is not invariant 
under J. The spinor transformation associated with the transformation between the rotating 
Kruskal vierbein and the standard one (a rotation by — vr in the (X, 0)-plane as i— > (/> -|- tt) 
is given by 

W^iT,X,e,(P)^e^W^{T,X,e,cl))^Wf{T,X,e,cf>) . (3.41) 
Now it is easy to show that in terms of this standard Kruskal vierbein 

W[iT,X,0,4)=ijfiT,X,9,4>) + ee-^^f{T,-X,7r-9,(t> + 7T) . (3.42) 

This is the expression we require our W^-modes on the geon to satisfy when working in this 
non-invariant vierbein. Now applying ()3.39f) to H3.42|) we find positive frequency M^-modes 
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on the geon in F near r — 2M given by 



W^iT,X,9,> 



+ei{-iyN 

B 






A 

{T-xy 



[T + X 



^4Muji^—4Munr- 



T-X 
T + X 



-4Muji 



T + X 

T ~X 



(r2 - 



1 ^ m' 



(3.43) 



On continuation back to the right hand exterior in the lower half complex T-plane, these 
modes become 



W^{T,X,e, 



{T + X) 



B 




) ujk' 



{X-T) 





_ \ / uk 

T + X\i 



X-T 
T + X 



X-T 



1 (r/2M)V2e7/8M 



(3.44) 



We are now ready to specialise to the Boulware modes found in the previous section. For 
Lu > m comparing (|3.37(l and (|3.30al3.30b(l . and making use of the relations H3.16(l - H3.18|l we 
find in the R region a complete set of M^-modes given by 



1 

^2cosh(47rMa;) 



W^,, .(t r ft A\ ^ ^ (p27rAft^^+ i £g-27rMt:j^- c 



= . . (e2-*^-*-fe,,„, - ee-^^''-■^t%',-,r^ ■ (3-45) 

•\/2 cosh(47rAfa;) ^ ' ' / 

(Note the similarity between H3.45|l and H2.72|l ). These modes are delta-orthonormal with 
respect to the inner product (|3.31|) . For < a; < m, comparing ()3.37f) and H3.34|l we find 
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H^-modes given by 

W^,,,,^,{t,r,e,^)^ ^ ('e^^M^V'..,fe^m'+e^e"^-^^-C.fc^-^>) • (3-46) 

^2cosh(47rMu;) V \m'\ ■ ) 

again orthonormal with respect to the Kruskal inner product . It can be verified that 

the factors m! I\vn!\ appearing in (|3.46(l cannot be absorbed into the phase factors of the 
Boulware modes. 



On the geon, the expansion of the field in the T4^-niodes reads 

k' ,m' ^ 

+ dl,^,k',rn'Kk'..^'+dl..,k'..^'W-X\rr.') - (3-47) 

with the usual anticommutation relations imposed on the creation and annihilation opera- 
tors. We denote by \0g) the state annihilated by all the annihilation operators, 

Cu;,fc',m' |0g) = d^^k',rn' \0g) = C±^uj,k' .rri'lOc) = rf±,c^,fc',m' |0g) = , yUJ,k',m' . (3.48) 

|0g) is the Kruskal- like vacuum on the geon, induced by the usual Hartle-Hawking vacuum 
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on Kruskal. Comparison of 1)3. 35|) and H3.47|l gives the Bogolubov transformation 

«w,fc',m' — A \ |m'| "'uj,k',~rn' j ' 

^+,uj,k' ,m' — z^:; ^— jr-j — — ^ \ ^ ^+,u,k',rn' I ? 



1 




cosh(47rAftj) 




1 




cosh(47rMcj) 




1 




cosh(47rM[j) 




1 




cosh(47rAftj) 




1 


V2 


cosh(47rMtj) 




1 



_ / 2ttMuj I -2itMlu if 

"+,w,fc',m' ~ /T^ TT-j X {'^ "'+,uj,k',m' '^^ '—,uj,k',-m' ) , 



{e'^''-dl^^^,,^^, + £e-2-^^-c+,.,,, . (3.49) 



^2cosh(47rMw) 

For the expectation values of Boulware mode number operators, (|3.49|) gives e.g. 



(OG|a+,^,fc'.,„'a+V,fc",m"|OG) = ^^SttM^ ^ ^^ H^ - (^')Sk'k"Sm>m" , (3.50) 

and a discussion similar to that given on Af_ follows. Note in particular that the geon spin 
structure does not show up in the expectation value. The number operator expectation 
value does not distinguish between the state |0g) on the geon and the usual Hartle-Hawking 
state on Kruskal, it is representative of a thermal bath at temperature T — (SttM)^^. 
Expressing |0g) in terms of \0b), we find 

10-)- n . -sJ.^n^ E (gj)'e-^--^-(aL,,,^,5l,,,_^,)-|0.) 

k' ,m' 
cj,k' ,m 

where a = +1(— 1) and 

= {bl,^,k',m'y\OB) \q)-,-,^,k',m' = (^^l..,fe',„.')lOB) . (3.52) 
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A comparison of H3.51|l and H2.77|l shows that |0g) is closely similar to the state |0_) on Af_. 
The Boulware modes are correlated in pairs in the Hartle-Hawking-like vacuum state. The 
correlations now are between a particle in the right hand exterior region and an antiparticle 
in the same exterior with opposite m' eigenvalue. |0g) does not appear thermal to generic 
static observers in R, but it appears thermal in the standard Hawking temperature (87rAf ) ^ 
near the infinity when probed by operators that only couple to one member of each correlated 
pair in H3.51|l . such as operators that only couple to a definite sign of the angular momentum 
quantum number m' . In particular, number operator expectation values are thermal, as seen 
above, and the isometry arguments of [22] show that the experiences of any static observer 
become asymptotically thermal in the large |t| limit. 

The explicit appearance of e in H3.51|l shows that the non-thermal correlations in |0g) 
reveal the geon spin structure to an observer in R. This is a phenomenon that could not 
have been anticipated just from the geometry of R, which in its own right has only one spin 
structure. 
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Chapter 4 



Stress tensor on Mq, M_ and 
Minkowski space with plane 
boundary 

4.1 Introduction 

In this chapter the expectation values of the energy-momentum tensor in the Minkowski-hke 
vacua on A/q, M_ and Minkowski space with an infinite plane boundary are presented. In 
section we calculate (0|rp,y|0) for the massive scalar field on all three spacetimes. The 
values on Afo agree with the literature [46] while to the knowledge of the author those on 
M_ are new. In the massless limit these values agree with those in [22,36,47]. Various limits 
are discussed and qualitative differences between the massive and massless values noted. In 
section we calculate (0|T^i/|0) for left and right handed 2-component Weyl spinors on 
the spacetimes Mq and A/_. It is shown that the values are independent of handedness 
but are dependent on the spin structure. Limits are discussed and the differences between 
(0|T)i,y|0) on the two spacetimes noted. Finally in section lOI we calculate (0|r^y|0) for 
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massive 4-coinponent spinors on Mq and M_ . The results on Mq agree with those in [48] ^ . 
The results on are new. Again various limits are discussed. In the massless limit the 
results agree with those in section f see also [23,35]). 



4.2 Massive scalar field 

The stress tensor for massive scalar fields in flat spacetimes with non-trivial topology was 
considered by Tanaka and Hiscock in [46]. In particular they consider (0|T^i/|0) on flat 
spacetimes with topology and product space geometry x (which is denoted Mq here) , 

X and x T'^. It is seen in [46] that the magnitude of the energy density decreases with 
an increasing field mass. Here we reproduce the result on Mq and present the expectation 
values on and on Minkowski space with a single infinite plane boundary at x = 0. 

The energy-momentum tensor for the massive scalar field in a general 4-dimensional 
curved spacetime M in our conventions is [1] 

= (1 - 2C)<^;m0;.. + - 9^..g'"'cl),pCl>,a - 2e0;M.<^ 



1 
2 

-i[l-3e]mV</'' > (4-1) 



which, applying the field equation [□ + m? + — 0, may be written on a flat spacetime 
{R 0) as 



T 

+2^5^,</>n0 + ^m^g^^.c^^ , (4.2) 

where ^ gives the coupling to the gravitational field (^ = for minimal coupling and ^ = 1/6 
for conformal coupling). By the point splitting technique [49], where we split the points in 
the quadratic expressions above and take the coincidence limit at the end, the renormalized 



^Except for an extra factor of 2 here as in [48] Majorana spinors are considered. 
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expectation value of T^i, in vacuum state |0) may be written as 



(o|r^.|o) 



— lim 

2 x' — yx 



(1 - 2e)V^V.. + ( 2e - - ) .g^.VoV" - 2eV^V. 



[g^^;{x,x')-G<^'\x,x')) , (4.3) 



where G^^^{x,x') = {{)\{(j){x) , (j){x' = G^~j{x,x') + Gj^~j{x,x') is the scalar Hadamard 



fmiction in M and G^^\x,x') is the Hadamard function in Minkowski space. 

On Minkowski space G^^\x,x') may be calculated by considering the expansion of the 
field in a complete set of mode solutions to the Klein Gordon equation 



0(i,x) 



(27r)3/2 7 {2lo) 



(Pk 



^ (a(k)e-'(^*-'"") +a^(k)e*("*-'"'')) , (4.4) 



where lo = (k^ 



,1/2 



Then 



(O|Wx),0(x')}|O) = 



1 



(Pk 



-i(w(t-t')-k-(x-x')) 



(27r)3 J 2uj 

1 /■ (fk 



(27r)3 7 2w 



,i(w(t-t')-k-(x-x')) 



(4.5) 



where we have made use of the anticommutation relations for the annihilation and creation 
operators. The integrals may now be performed by transforming to spherical coordinates in 
fc-space. After doing the angular integral we find 



(O|{0(x),0(x')}|O) = 



1 



dk- 



(27r)2i?7o (A:2 + to2)1/' 



sin(fci?) 



^(fc^W) ' (t-t') 



(4.6) 



where R— |x — x'|. (|4.6f) may be written as 



(O|{</.(x),0(x')}|O) 



dk 



oo (fc2 + m2)i/2 



^-i((fc=^+m2)'^'(t-t')-fci?) 



^i((fc2+m2)'/'(t-t')+fefl) 



(4.7) 
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and the above integrals may be performed by changing coordinates to fc = nisinhO, uj = 
m cosh 6 and making use of the weU known integral representations for the Bessel functions 
(see e.g [50]). The result is (see appendix C of [51]) 

GW(x,x') = ^dnYo [m^{t - t'Y - R^) 6 {{t - t' f - R^) 

dRKo (m^R^-{t-t')A e {R^ - (t - t'f) . (4.8) 



Now we note that dzFa{z) = —Fi{z) for F = K,Y and so 



G«(x,x') = —Y, (m^{t - t'f - rA e {{t - t'f - 



m 



— ifi (mVi?2-(t - t'f) e {R^-{t - t'f) , 



(4.9) 



where Y, K are Bessel functions. 



The Hadamard function on the quotient spaces Mq and M- may be found by the method 
of images [35,36],'^ 



G^^^{x,x') = (Oo|{</>(x),0(x')}|Oo)=^77"GW(x,Jjx') , (4.10) 

nez 

G^llix.x') = (O_|{0(x),0(x')}|O-) -5]p"GW(a;,J!!x') ' (4-11) 



where Jq : (i, x, y, z) ^ {t, x,y, z + 2a), J_ : {t, x, y, z) t-^ {t, —x, —y, z + a) and 77 = 1, (— 1), 
p = I, (—1) label untwisted and (twisted) fields respectively. The calculation of (0|Tpy|0) is 
now reduced to that of finding derivatives of these Hadamard functions and applying (|4.3|l 
to H4.10|l and H4.11|l . Next we present the results. 



^Note the sign difference in the second term from that in Fullings book [2] p85 which is the reference 
used by Tanaka and Hiscock [46]. Further note the typographical error in [46] where the Y Bessel has been 
replaced by the I Bessel. This does not affect the results in [46]. 

^It can be shown that 14.101 and 14. Hi may be obtained by expanding the fields in modes, obtained 
from an image sum, proving that they are true Green's functions, that is, they are expectation values of the 
operators in a quantum state. 
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4.2.1 Mo 

For Mo, in the coincidence limit G^^j^{x,x') becomes a function only of (2na)'^, which is 
positive. This means that only the K Bessel term in (14 .91) contributes. Further we note 
that limx'^xdxi^G^^j^^{x,x') = —linix'^xdx'f''G^Mg{x,x'). These observations simplify the 
calculations somewhat. The result is 



(Oo|Ttt|Oo> = -(Oo|r,,|0o> - -{Oo\Tyy\Oo) ^ - ^ r/" ^^2T2na)^ K2{2mna) 



(Oo|r..|0o)=^r;" 



n=l 



9 3 



K2{2'mna) — -K^{2mna) 



(4.12) 



with all other terms vanishing. The results agree with [46] . The massless limit may be easily 
checked by noting that near z — 

(4.13) 



2 V2 

when the real part of ly is positive [50]. These agree with [22,47] and also with [36], the extra 
factor of 4 in [36] arising because the authors consider a multiplet of 2 complex massless 
scalar fields. The leading corrections for small mass are of the order O (m^) . (Oo|r^^|0o) 
exponentially in the large mass and large a limits, in contrast to the massless case where 
(OolTjii/lOo) vanishes as O (a^"*)- 

4.2.2 M_ 

For M_ in the coincidence limit G\j {x,x') becomes a function only of {x ~ (— l)"x) + 
{y — (— l)"y)^ + (na)2, which is positive. Again only the K Bessel term in (|4.9|l contributes. 
Further we note the following 



lim df_iG'"^j_{x,x') = — lim d^'G^'^]_{x,x') for e {t,z} 



lim S^C^y = — (+) lim d^'G^^^_{x^x') when n even (odd) and G {x^y} . 



(4.14) 
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As G^^_{x,x') = J2n&zP"^^^'' i^jJ-x')} where p = +1, (— 1) labels untwisted (twisted) 
fields, the result here may be split into two parts where the part coming from the even 
terms in the sum above loads to the same expectation values as on Mq for untwisted fields. 
Therefore we write (0_|r^^|0_) = (Oo| V|Oo)(„=i) + /9(0_ | V|0_)odd where we find 



(0_|T«|0_)odd = 



(0_|Ta;a;|0_)odd 
(0_|Tj,y|0_)odd 
(O_|r^,|0_)odd 



E 



m 



1 - 



(2na + of 



3\ 



E 
E 
E 

TlGZ 



(4C-l)^i^3(m.„)-(2^-i)^i..(w„) 



1\ m 



(''«-l)S^3(m.„)-l2«-- 



K2{ma„) 



n 



m 



3\ m 



(4^-1) 



4^(2no + a)^ 



4/ TT^cr^ 



(0_|T,,|0_)odd = V(l-40^i^3(ma, 



(4.15) 



1/2 

with (T„ = ((2a;)^ + (2y)^ + {2na + a)^) , and the sum is over all n including n = 0. Other 
components vanish. Again it is a simple matter to chock the masslcss limit here. The results 
agree with those of [22] and [36] in this limit. The leading correction for small mass is 
O (to^), and (0_|T^^|0_) vanishes exponentially in the large mass and, for non zero mass, 
the large a limits. The difference between (0_|T^,^|0_) on M_ and (Oo|I)ii^|Oo) on Mq (with 
?7 = 1) vanishes exponentially as := x'^+y'^ ^ 00. This behaviour is qualitatively different 
to the massless case where the difference vanishes as O {r~^) [22]. The result in the massive 
case is to our knowledge new. 



4.2.3 Minkowski space with infinite plane boundary 

In this subsection we consider {Ob\T^v\Ob) in 4-dimensional Minkowski space with an infinite 
plane boundary at a; = 0. While the stress-energy for a massless field is well known (see 
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e.g. [1,27]), the massive results are to our knowledge new. There is some similarity with M_ 
as both spaces may be considered as quotients of Minkowski space with the quotient group 
including a reflection in x about x ~ 0. 

Again here the scalar Hadamard function is given by the method of images, 

G^^\x,x') = (OB|{0(x)0(a;')}|OB) = G« (.x, .x') + TyG^ (x, Js^') , (4.16) 

where Jb ■ [t, x, y, z) i— > (t, —x, y, z) and rj = +1, (—1) labels Neumann (Dirichlet) boundary 
conditions on the plate. From 1)4.3(1 the result is 

(OslTttlOs) = 
(OsIT^.IOb) = 

In the massless limit these agree with the literature [1]. For the massive field (OslTpiylOs) 
is non-zero and has nonvanishing trace for both conformal and minimal coupling. The mass 
breaks the conformal invariance of the field. {()b\T^u\Qb) vanishes exponentially as the mass 
and as x go to infinity, in contrast to the massless case which behaves as O (a;^**) for the 
minimally coupled field and is identically for conformal coupling. It is interesting to note 
that for conformal coupling the leading order correction for small mass is O (m^) , while for 
minimal coupling it is O (m^). This is a qualitative difference from both Mq and 

4.3 Massless spinor field 

In this section we present the expectation value of the the energy-momentum tensor for 
free left and right handed 2-component massless Dirac fields in the Minkowski-like vacua 
|Oo) and |0_) on Mq and M_ respectively. The corresponding values for the massless scalar 
field were given in [22] (and can be obtained from the results in section in the massless 
limit). We find that the values depend on the spin structure but are independent of the 
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(ObIT^^IOb) = -(Ob|T., 



(1 - 4^)m' 



47r2|2a;| 



K^{m\2x\) 



(2^- l)m2 



87r2a;2 



K2{m\2x\) 



(4.17) 
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handedness of the spinor. We begin by describing the reduction of the 4-component massive 
spinor formahsm of chapter |21 to 2-component massless spinors. 



Given the formahsm set out in chapter [21 we set m = and introduce a Weyl represen- 
tation for the 7 matrices 





-/ 



r = 



a. 



-(J,. 



(4.18) 



where the <Ti are the usual Pauli matrices. With this representation the 4-component spinor 



ip decouples into two 2-component spinors ipL and i/jfl labelled as left and right handed 
/ , 

The 4-component Lagrangian then reduces to 



respectively, ip = 



(4.19) 



and 



(4.20) 



where 



o'l = {I,~c!-x,-cry,-crz) , 
'^R = {I,'^x,cry,crz) ■ 



(4.21) 



Further the energy- momentum tensor for the 4-component field [1], 



(4.22) 
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where A(^^B^-) — l/2(yl^i?i, + A^B^^), becomes the sum of left and right handed parts, 



T. 



fJ.L' 

R 



(4.23) 
(4.24) 



where = V^cr^ and = rjafscrl- Writing (|4.23|) and H4.24|l in the form 



(4.25) 



where the L, R superscripts and subscripts have been dropped, and further point sphtting 
[49] the quadratic terms in H4.25|l . the renormahzed expectation value of T^^, on the flat 
spacetimes of interest here, in the vacuum state |0) may now be expressed in terms of the 
spinor Hadamard function s'"^^^^{x, x') — (0| [tpa{x),'ilj^ /^{x')] |0) on M which in Minkowski 
space is a solution to ia°'daS'^^^x,x') — 0, 

{0\T^,\0)^^lunJi-a^^{V,^-V,,))(^S^}\x,x')-S^'\x,x')) . (4.26) 

We may further express the spinor Hadamard function in terms of the scalar Hadamard 
function 



S]^>{x,x') = -iL"\/aG'^^\x,x') , 
S^j^\x,x') = -iR°'WaG^^\x,x') , 



(4.27) 
(4.28) 
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where L" — {l,ax,<Jy,az) and i?" — {1, —ax, —(Ty, —az), and so 



iT,i|o) 



iT)f.|o) 



- lim Tr [{a^y, + a^V^) - (a^^V,. + a^V 



xL 



G'-^-' (a;, x') may be obtained as the massless hmit of (|4.9ll . 



(4.29) 



(4.30) 



[27r2 ((t - t')^ - (x - a;')2 - (y - y')^ - " ^0^)] ' 



(4.31) 



which satisfies d^daG^^^ (x, x') = 0. We find therefore that the 2-component spinor 
Hadamard function in Minkowski space is 

S^^\x,x') = - 



Trmt ~ t')^ - {r - r'f]^ 

{t - t') - \{z - z') A(-(a; - x') + i{y - y')) 
\{-{x - x') ~ i{y - y')) it - t') + \{z - z') 



, (4.32) 



where we have introduced the parameter A = 1(— 1) for left-handed (right-handed) spinors 
respectively. The Hadamard functions on AIq and M_ are given by the method of images, 
but care must be taken with the local frames with respect to which the spinors are expressed. 
We shall work throughout in a vierbein aligned along the usual Minkowski coordinate axes. 
This has the advantage of making covariant and partial derivatives coincide. As this vierbein 
is invariant under Jq the calculation on Mq is reduced to a straightforward calculation of 
derivatives of the Hadamard function. The Minkowski vierbein however is not invariant 
under J_ and more care must be taken on Af_ . 
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4.3.1 M, 







On Mq, the vierbein aligned along Minkowski coordinate axes is invariant under Jq and the 
Hadamard function is simply given by the method of images. We therefore have 

S^^lix,x') = ^^"^W {x,J-ix')) , (4.33) 

where again rj = 1, (—1) for spinors with periodic (antiperiodic) boundary conditions with 
respect to this vierbein. In this expression G^^-* (x, x') is the Minkowski Hadamard function 
(14.311) . and {x, x') on the left of the equality labels points in Mq while on the right it labels 
points in Minkowski space. To find {Oo\T^u\Oo) we apply (jO^ and l|On)l to (jOSl) . The 
result is 

(Oo|r,^|0o> - -(Oo|ri;|0o) = -(OolT^lOo) = -(OoirfjOo) = ^ E ' (^.34) 

n— 1 

with all other components vanishing. The values for (Oolr^jOo) are the same. The remaining 
summation may be calculated explicitly using the result [40] 



l"^ V 8/ 90 

'=1 



and so 



l-T? 



(Oo|r,i|0o) = -(Oolri-jOo) = -(Oolr^lOo) = -(Oo|Ti;|Oo) = ^ (^--j . (4.36) 

Expectation values are non-zero in contrast to Minkowski space, and are —2 times those for 
the massless scalar field (see e.g [22] or the massless limits of the results in section l4.2.1(l . 
The stress tensor is diagonal and invariant under all isometrics and it is independent of the 
handedness of the spinor but dependent on the spin structure. The = — 1 spin structure 
is energetically preferred. 
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4.3.2 M_ 

On M_ , the standard Minkowski vierbein is not invariant under J_ . Care must therefore be 
taken in applying the method of images to expressions written with respect to this vierbein. 
In an invariant vierbein the spinor Hadamard function on M_ would be given directly by 
the method of images, that is 

S^l ix, x') = Yl /^"^^'^ J-^') ' (4-37) 

with p = +1, (—1), however as we choose to work in the Minkowski vierbein the image 
expression is different. Consider vierbein H2.8|) which is invariant under J_. H2.8|l rotates by 
TT in the (x, ?;)-plane as z ^ z + a. The transformation from this vierbein to the standard 
Minkowski one is clearly the corresponding rotation by — tt. The associated transformation 
on the 2-component spinor Hadamard function is 

Sii,(x,x') = e-^^4t(x,x')e^^' , (4.38) 

where the R{S) subscript denotes the rotating (standard) vierbein respectively. Therefore 
on Af_ in the standard vierbein 

nez 

In terms of the scalar Hadamard function this translates to using the following expression 
in iji:^ and (|On|l 

G^i)_ [x, x') = '""'^^'^ '^-^0 e-^^^^ . (4.40) 
nez 

Here p = +1, (—1) labels periodic (antiperiodic) spinors with respect to the vierbein which 
rotates by tt as z — > z + a. p thus labels the two inequivalent spin structures on A/_ 
[23]. Applying (jO^ and (jOn|) to (|On|l . the resuh is (0_|T^^|0_) = (Oo|r^,.|0o)(^=_i) + 
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p(0_|T^,|0_)odd, where 



, I L I X _ 4 (-l)"a(2n+ l)y 

(0-|T;.|0-)odd - 1^ {(2:c)2 + (2y)2 + (2n + l)^a^y ' 

/O IT^ln \ _ 4 ^ (-l)»a(2n+l)x 
^u_|J^,|U_;odd - ^2 {(2,c)2 + (2y)2 + (2„ + l)2a2|3 ' 

with all other components vanishing. The values for right handed spinors are the same. 

The stress tensor is invariant under all continuous isometries of M_, as it must be by 
construction, but now there are non-zero shear components, (0_|Ta,2|0_) and (0_|Tj,2|0_), 
which change sign under isometries that reverse the spatial orientation. These components 
do not depend on the handedness but they have the opposite signs in the two spin structures. 
The spatial orientation determined by the spin structure can thus be detected from the shear 
part of the stress tensor. 

As on Mq, the summations may be evaluated in terms of elementary functions. The 
diagonal terms are given by the values on Mq in the 77 = —1 spin structure there, while the 
non-diagonal terms may be evaluated using the calculus of residues. The results are best 
expressed in terms of the orthonormal frame {dt, dr, oj'^, dz} defined by 

X = rcoscp , 

y = rsin(^ , (4.42) 

with u)'^ = rd^. We find 

(0_|T«|0_)=-(0_|r,,|0_) = -(0_|T.,|0_) = ^(0_|T,,|0_)= 



3^ '''''' ' \8j 720a4 
> PTT^ d ( sinhq \ , . .„s 

where q = f r. For g > we find ^ {j^^ < and so (0_|T^^|0_) picks up the sign of 
p. The shear part in either spin structure vanishes at r = and tends to exponentially as 
r — > 00. (0_|T^y|0_) thus reduces to (Oo|T^i/|Oo) in the 77 = —1 spin structure at large r. 
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Mo, V = 1 


Mo, r; = -1 


M_ 


(Too) 

(Trr) - (r^^> 


7r2 


77r2 


77r2 


720a4 
7r2 


5760a4 
77r2 


5760a4 
77r2 


720a4 
7r2 


5760a4 
77r2 


5760a4 
77r2 


240a4 



1920a4 



1920a4 
pTT^ c? / sinh q \ 


64a4 Vqcosh^q/ 



Table 4.1: The nonvanishing components of {T^iy) for a left-handed two-component spinor 

in the Minkowski- like vacua on Mo and M- in the orthonormal frame {dt,dr,uj'^,dz}. The 
values for a right-handed spinor are identical. 

Numerical evidence however suggests that there is a range for r where the shear part is in 
fact the dominant part of the stress-energy. 

We summarise the results in table 14.11 Note the difference in the results between Mq 
and Af_. Thus we see that quantum fields can probe the topology. Any observer who is 
sensitive to the energy-momentum tensor can tell the difference between the two vacuum 
states. 

4.4 Massive spinor field 

In this section we repeat the calculations above for a massive Dirac field. The result on Mq 
was given in a recent paper [48] where it is shown that the magnitude of energy density 
decreases with increasing field mass, as for the scalar field. We present the results for Mq 
and M_ . 

The energy- momentum tensor for the massive Dirac field is given in 14.22|l . By a calcu- 
lation analogous to that leading from (|4.23|) to (|4.2t)|) the renormalized expectation value of 
the energy- momentum tensor in the state |0) may be written 

(0|T^.|0) = ^ Jim Tr7(^ (V,) - V,,)) {s^i^{x,x') ~ S^'\x,x')) , (4.44) 
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where S^^{x,x') = (0| ['tpa{x),ipf^{x')\ |0) is the massive Dirac field Hadamard function. 
S^^\x,x') satisfies the homogeneous Dirac equation and may be expressed in terms of the 
scalar Hadamard fimction by S^^'>{x,x') = —{i^PVp + m)G'^^^ (x, x'). Hence 

(0|r^,|0) = I lim Tr[(7^V. + 7.V^) - (7^V.' + 7.V^0] 

xYVp{g'^2{x,x')-G^^\x,x')) . (4.45) 

Again the Hadamard function on Mq and Af_ may be found by the method of images, 
with the same care taken with the local Lorentz frames as discussed for the massless field 
in the previous section. Again we shall work throughout with a vierbein aligned along the 
usual Minkowski coordinate axes. 

4.4.1 Mo 

Recall that on A/q 

Gtl{x,x') = G(i) (x, Jo"x') . (4.46) 

Here again we note that in the coincidence limit G^^)^{x,x') becomes a function only of 
(2na)^, which is positive, and so only the K Bessel term in (|4.9|l contributes. Note also that 
Vanx'^x dxi^G^^^{x,x') — ~YiTax'^xdx'f^G''j^^^{x,x'). With these observations ()4.45fl reduces 
to 

(0o|T;.|0o) = j,™ V^V, (g^II{x,x') - G(i)(x,x')) , (4.47) 
and we find for the non-zero expectation values 

(Oo|Ttt|Oo) = -(0o|T,,|0o> = -(Oo|T^j,|Oo) = 1^ ^"^27£^^2(2mna) , 

n— 1 ^ ^ 

oo 

{Oo\T,,\Oo} = J2n 

where 77 = +1, (—1) labels periodic (antiperiodic) spinors with respect to the standard 
Minkowski vierbein. 



2ra^ 
TT^{2na)' 



;K2{2mna) 



2m^ 



7r2(2na) 



Kz{2'mna) 



(4.48) 
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The results are —4 times those of the massive scalar field (I4.12f) . The factor of —1 is 
due to the different statistics while the factor of 4 is due to degrees of freedom. Thus, 
as with the scalar field, the leading corrections for small mass are of the order O {m^), 
and (Oo|7),iy|0o) — > exponentially in the large mass and large a limits, in contrast to the 
massless case where (Oo|T),;y|Oo) vanishes as O (a^'*)- The massless limit agrees with twice 
the massless 2-component expectation values (|4.34|) (see also [23,36,47]) as expected. 

4.4.2 M_ 

Again we choose to work here in the Minkowski vierbein which is not invariant under J_. 
A similar discussion therefore follows to that in section 14.3.21 when applying the method 
of images to the Hadamard functions. For 4-component spinors the transformation on the 
Hadamard function from the rotating vierbein H2.8|l to the standard Minkowski vierbein (a 
rotation by — tt in the (x, ?/)-plane) is 

s'iU^,x') = e^^S^^lix,x')e~^^' , (4.49) 

where the R, (S) subscript denotes the rotating (standard) vierbein respectively. Therefore, 
on M_ in the standard vierbein we obtain 

4m_ = E '°"4m_ J-^l , (4.50) 

nez 

where p — +1, (—1) labels periodic (antiperiodic) spinors with respect to the vierbein which 
rotates by tt as z z + a. In terms of the scalar Hadamard function this translates to using 
m the expression 

Gil i^, = E /'"^^'^ ^-^0 ■ (4.51) 

In the coincidence limit G^y_(a;,x') becomes a function only of [x — (— l)"a;)^ + (y — (— l)"j/)^ + 
(na)^, which is positive, so that again only the K Bessel term in ()4.9|l contributes. Fur- 
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ther we note again the relations (|4.14l) . Wc now therefore just apply H4.45|l to (|4.51|) . The 
calculation is made easier by splitting the sum in H4.51|l into odd and even terms. The 
even terms lead to the expectation values on Mq in the twisted spin structure there and 
(0_|T^,|0_) = (Oo|T^.|Oo)(„=-i) +p(0_|T,,,|0_>odd with 

(0_|T,,|0_)odd = V(-l)"^^^^^^%^^^i^3(ma„) , (4.52) 

where cr„ = {{2x)'^ + {2yY + {2na + afY'"^. 

We see that the spinor expectation values on Af_ are not —4 times those of the scalar 
field. In particular it is interesting to note that for the scalar field the only non-zero off- 
diagonal term is (0_|r2;j,|0_), while for the spinor field this term is but {Q^\Txz\^-) and 
(0_|Tj,2|0_) are non-zero. Note also that these two terms for the spinor field change sign 
under a change of spin structure. In the massless limit the results agree with twice those 
of the massless 2-component spinor field found in section [4. 31 The leading order corrections 
for small mass are O (m^). The non-diagonal terms, and therefore the difference from the 
values on Mq (with -q = —1), are vanishing at a; = y = 0, and they tend exponentially to 
zero in the limits of large mass, large a and large + y^- 
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5.1 Introduction 

In this chapter I present a number of new results and extensions on the theory of particle 
detector models within quantum field theory in curved spacetimes [14,27]. I shall begin 
in section 15.21 with a review of the history and current literature on such models. The 
quantity of literature on this subject is quite vast and as such my review will not aim to 
be complete, but I will aim to cover all papers relevant for the new results presented in 
the subsequent chapters. Our main focus here will be with a recent paper by Schlicht [25]. 
Schlicht presents a model which is able to handle time-dependent responses in Minkowski 
space, that is detectors following trajectories which are not stationary in the sense of Letaw 
[52]. This is true also of the model of DcWitt [27]; however, to the knowledge of the author, 
Schlicht is the first to point out the importance of the regularization of the correlation 
function in the calculations. In particular, as will be discussed in more detail below, Schlicht 
shows that the usual ie-prescription is inadequate in this context. He then introduces an 
alternative regularization by considering the monopole detector of [27] as the zero size limit 
of a detector with spatial extent, and reproduces the usual thermal response [14, 27] on a 
uniformly accelerated trajectory. 
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We have two main aims. The first is to extend the model of SchHcht in a number 
of directions. In particular we extend it to Minkowski space in arbitrary dimension, to 
spacetimes built as quotients of Minkowski space under discrete isometry groups, and to the 
non-linearly coupled scalar field and the massless Dirac field. We also discuss briefly the 
detector coupled to the massive scalar field. The second aim is to consider the response of 
such detectors in various specific spacetimes and along various specific trajectories of interest. 
In particular we consider the responses of inertial and uniformly accelerated detectors in d- 
dimensional Minkowski space with a single infinite plane boundary, on a particular conical 
spacetime [53] (and a higher dimensional generalisation) and on the quotient spaces Mq 
and Af_ introduced in chapter [21 We also consider static detectors on the MP'^ geon and 
comoving detectors on RP^ de Sitter space via those in the associated global embedding 
Minkowski spaces (GEMS). 



5.2 Background 

Particle detector models in the context of quantum field theory in curved spacetime began to 
be discussed in the mid 1970's. At that time one of the most important questions within the 
theory was, and remains to be, "what is a suitable definition of a particle in a general curved 
spacetime" . In Minkowski space quantum field theory particles are defined with great input 
from the invariance group, the Poincare group. In particular a particle mode solution to a 
field equation in Minkowski space is one which is positive frequency with respect to the usual 
Minkowski time coordinate t. Under Poincare transformations positive frequency solutions 
transform to positive frequency solutions and so the concept of particle is the same for every 
inertial observer, in the sense that all inertial observers agree on the number of particles 
present. Further the Minkowski vacuum state, defined as the state with no particles present, 
is invariant under the Poincare group. The problem in a general curved spacetime however 
becomes clear. General relativity, in particular general covariance, teaches us that there is 
no notion of a preferred time coordinate and so no preferred notion of positive frequency. 
Further the Poincare group is not a symmetry group in a general curved spacetime, and so the 
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definition of particle in Minkowski space cannot be extended there. As a possible resolution 
to the problem it was suggested by DeWitt and others that a possible operational definition 

of a particle could be that a particle is something that a particle detector detects (although 
note the circularity in the definitions if we define a particle detector to be something that 
detects a particle). 

The original detector considered by Unruh [14] is that of a particle in a box coupled to a 
quantum field in a curved background manifold. The detection of a particle is indicated by 
an excitation of the detector by the field, and it is shown that this may correspond to both 
absorption or emission of a field quantum. An inertial detector in Minkowski space is not 
excited in the Minkowski vacuum but may be de-excited by the possibility of spontaneous 
emission. Unruh [14] was the first to show that a uniformly accelerated detector in Minkowski 
space responds as if immersed in a thermal bath at temperature T = a/(27r) (In natural 
units) with the associated Planckian spectrum, which is now well known as the Unruh effect. 
What an accelerated detector sees as an absorption of a field quantum an inertial observer 
regards as the emission of one by the detector. Further Unruh also showed in [14] that the 
response of a static detector close to a Schwarzschild black hole is closely related to the case 
of the accelerated detector in Minkowski space and is thermal, while a geodesic detector 
near the horizon will not see this thermal flux of particles. 

DeWitt's model [27] ^ is a simplification of Unruh's. He considers a quantum mechanical 
particle with many energy levels linearly coupled to a masslcss scalar field via a monopole 
moment operator. This is the model that appears most in the literature, and the one we 
will use throughout this chapter. Again the response of a uniformly accelerated detector in 
Minkowski space, where the detector is switched on in the infinite past and off in the infinite 
future is seen to be thermal and Planckian. 

A good early review article which discusses particle detector models is that of Sciama, 
Candelas and Deutsch [55] . This is quite a thorough article on the relation between quantum 
field theory, horizons and thermodynamics. They discuss the uniformly accelerated detector 

'^Note that the first pubhshed paper where such a detector is discussed seems to be that of Candelas and 
Sciama [54]. 
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from the point of view of the balance between the thermal fluctuations of the field along the 
trajectory and those of the detector itself. They find that "when the detector accelerates, the 
correlations in the zero-point fluctuations of the field along the detector's world-line no longer 
precisely balance its own zero-point fluctuations. The detector is consequently excited." 
They also discuss the reason why the effect is exactly thermal, due to the Gaussian nature 
of the processes. Further they consider the response in the asymptotic regions (r 2M, oo) 
in the Kruskal manifold, in the Boulware, Unruh and Hartle-Hawking vacuum states, and 
discuss the thermal response of the inertial detector in 4-dimensional de Sitter space. All 
for detections carried out over the entire wordline of the detector. 

Since these original papers, a large number of papers have been written on many different 
aspects of these models. Takagi [31,56,57] considers the response of a linearly coupled 
monopole detector for a massive scalar field in d-dimensional Minkowski space. For the 
uniformly accelerated detector he notes for the first time the curious phenomena that the 
response for a scalar field in even dimensional spacetime has a spectrum which includes a 
Planckian factor whereas for odd dimensions a Fermi factor replaces the Planck one. This 
is often called the "apparent statistics inversion" highlighting the fact that the statistics 
inversion is just in the power spectrum of the detector and does not point to any change of 
statistics for the quantum field itself. As Unruh shows [58], the Fermi factor in the case of 
odd dimension results from the integral over all modes the detector is sensitive to, with each 
mode having a Planckian population as expected for the scalar field. In [31,57]. Takagi also 
shows that the response of a uniformly accelerated detector is dependent on the mass of the 
field. He does not find an explicit expression for the response function but does prove that the 
response as the mass tends to infinity tends to in contrast with the thermal massless result. 
Further Takagi [31,59] extends the model of DeWitt to a detector coupled to the massless 
Dirac field via the scalar quantity ■ip'ip and also to a detector coupled to the electromagnetic 
field. In all cases he shows that the response for the uniformly accelerated detector satisfies 
the KMS condition [60,61], and is thus thermal in this sense. Takagi's paper [31] offers a 
good review of the Unruh effect up until 1986, along with a good discussion of the KMS 
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condition in the context of detector responses. 

In a nice paper by Lctaw [52] the stationary worldlincs in Minkowski space arc defined by 
the criterion that the particle detector responses along them arc time independent. That is 
the Wightman function along them is invariant under translations in proper time r. Further 
these worldlines are shown to be the orbits of the timelike Killing vector fields. The sta- 
tionary worldlines are classified into six types (only three of which, inertial, uniform linear 
acceleration and uniform circular motion being well known) and responses on a represen- 
tative trajectory from each class are considered. In all cases except the inertial one, the 
response is non-zero. An interesting case is that of uniform circular motion. The response 
is non-zero even though, as pointed out in an earlier paper by Letaw and Pfautsch [62] , the 
Bogolubov transformation between the two relevant coordinate systems is trivial. Further 
as the Minkowski vacuum and that adapted to the circular motion are shown to coincide, 
the response of a detector in circular motion moving through the vacuum state adapted to 
it is also non-zero [63]. Davies et al [63] clarify the situation by considering a detector in 
uniform circular motion in Minkowski space with an infinite cylindrical boundary and also 
in a compactified Minkowski space. It is seen that the response of the detector vanishes 
if the boundary is at a radius less than the speed-of-light surface (that is, no corotating 
points within the spacetime have a velocity greater than c). It is only in this case that 
the rotating vacuum is unambiguously defined. The same conclusions were found earlier 
in 2 -|- 1-dimensions for a detector in a cylindrical cavity in [64] . See also [65] for a corre- 
sponding discussion in a general axisymmetric static curved spacetime and a comment on 
the electromagnetic and Dirac cases. The related issue of defining a Hartle-Hawking vacuum 
(i.e. invariant under the isometrics and regular everywhere) on the Kerr spacetime has also 
been discussed. A theorem by Kay and Wald [16] proves the non-existence of any stationary 
Hadamard state (and therefore any Hartle-Hawking state) on Kerr. However Ottewill and 
Winstanley, for example, [66] discuss various attempts to define a thermal state with most 
(but not all) of the properties of the Hartle-Hawking state. In a very recent paper Duffy 
and Ottewill [67] have shown that a state with the defining features of the Hartle-Hawking 
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vacuum can be constructed when the region outside the speed-of-Ught surface is removed by 
introducing a mirror. 

These results show that one must be cautious in how one interprets the particle detector 
as detecting particles, as discussed in [62] and for example by Sriramkumar and Padmanab- 
han in [68] . The response of a uniformly accelerated detector in the Minkowski vacuum and 
the number of Rindler particles there, found by canonically quantizing the field, agree, as of 
course docs the response of an inertia! detector and the number of Minkowski particles in 
the Minkowski vacuum. However the response of a circular motion detector and the number 
of "rotating particles" , found by canonically quantizing the field with respect to a rotating 
coordinate system do not agree, the first being non-zero while the latter being 0. An alter- 
native viewpoint is expressed by De Lorenci, De Paola and Svaiter [69-71] who propose an 
alternative canonical quantization and rotating vacuum state. We shall not discuss circular 
motion detectors further in this chapter. 

A number of early papers discussed detectors coupled to the scalar field with more compli- 
cated couplings than the linear coupling considered by DeWitt. For example Hinton [72,73] 
considers detectors non-linearly coupled to the field and those coupled to derivatives of 
the field. He shows, as expected with diff'erent interaction Lagrangians, that the responses 
for these different couplings differ. He then makes an attempt to introduce a classifica- 
tion scheme for such detectors. More recently Sriramkumar has shown [74, 75] that, for a 
uniformly accelerated detector non-linearly coupled to the scalar field in a d-dimensional 
Minkowski space, when d is even the response includes the Planckian factor for all cou- 
plings, while for d odd there is a Fermi factor when the power of the coupled field is odd 
and a Planckian factor when this power is even. Detectors which couple to components of 
the energy momentum tensor have been considered by Padmanabahn and Singh [76] . Ford 
and Roman [77] further answer a challenge set by Padmanabhan and Singh by constructing 
a detector which is able to measure the stress tensor of a quantized scalar field by non- 
gravitational means. The prescription requires a detector coupled to the derivative of the 
field and switched on and off rapidly. 
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In all the above papers the detector is that of a monopole detector. That is, the detector 
is coupled to the field at a point along the detector's trajectory. A step closer to a more 
realistic model is to consider, as Unruh does in his original paper [14], a detector extended 
in space. Of the two models considered by Unruh, one is not fully relativistic while the other 
has infinite extent. In [78] the authors define the concept of rigid detectors, where rigidity is 
given in the detector's rest frame. Their detector model has a truly finite spatial extent. The 
main example they use is that of the detector in uniform circular motion in Minkowski space. 
The analysis is complicated here by the effects of radiation of the walls of the detector itself. 
Once these are properly taken into account, the discrepancies found in [52,62] between the 
detector response and a Bogolubov transformation analysis are reconciled. In this chapter we 
shall not consider such finite extent detectors, although we will make some more comments 
on them in section l5.3.1l The model we consider will instead be that of a monopole detector 
but considered as a limit of an infinitely extended one (see [25,26]). 

In most of the previous papers (with the exception of [52,73]), only responses taken 
over the entire detector worldline are considered. Another step towards a more realistic 
detection process is to consider detectors switched on only for a finite time interval. The 
first paper to consider such a response for an inertial and uniformly accelerated detector 
in Minkowski space appears to be that of Svaiter and Svaiter [79]. Here the switching of 
the detector is performed instantaneously. Even in the inertial case the detector is excited 
due to the switching. In the limit of large time interval the usual results are recovered. For 
both the inertial and uniformly accelerated detectors the probability of detection is seen 
to have a logarithmic divergence, but the transition rate (the proper time derivative of the 
detection probability) at any time after the switching is finite, although unbounded close to 
the switching. It is worth noting that an earlier paper by Grove [80] also considers a finite 
time detector. His main interest is in the detection of the negative energy flux outside a 
moving mirror and the complicated situation necessarily hides the conclusions mentioned 
here, and half way through his calculation he moves to a detector switched on at — oo. 
In [81] the authors prove that the logarithmic divergences in the probability seen by Svaiter 
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and Svaiter are due to the instantaneous switching. They consider instead a continuous 
switching window function. The probabihty is then seen to be finite, and the usual results 
arc recovered when the time of detection goes to infinity. For a more extensive discussion on 
this and the consideration of different continuous switching functions see [82] . All these finite 
time calculations are done for the massless scalar field. It is worth noting in a discussion of 
finite time detectors the papers [83, 84] where the Unruh effect for finite time observers is 
considered from the point of view of the "thermal time hypothesis" (this has also recently 
been extended to observers in de Sitter space [85]). Here the authors are able to associate 
a temperature with such observers, and even to inertial observers with a finite lifetime. It 
would be interesting to relate their results to the responses of finite time particle detectors. 
The relation is not so straightforward however as the two approaches have quite different 
theoretical foundations. Further the temperature introduced in [83] depends on the lifetime 
of the observer as well as on the proper time along the trajectory. The approach is therefore 
not causal in the sense that the temperature experienced at a given time depends on how 
long the observer will live in his future. The particle detector calculations on the other hand 
are causal in that the response only depends on the past motion of the detector and not on 
what will happen in his future. We shall not pursue the relation between these approaches 
further here. 

Our main reference in this chapter will be Schlicht [25,26], who is concerned with the 
time dependent response of a monopole detector linearly coupled to the massless scalar field 
travelling along non-stationary trajectories (those which are not the orbits of any timelike 
Killing vector field) in Minkowski space. The focus of this paper is the regularization of the 
correlation function that appears in the expression for the detector transition rate. In partic- 
ular Schlicht shows that for a detector uniformly accelerated in Minkowski space the usual ie 
regularization of the Wightman function leads to a time dependent, and hence presumably 
physically inappropriate, result. He then argues for an alternative regularization by consid- 
ering the monopole detector as the limit of a spatially extended detector. The usual result 
is reproduced in the case of the uniformly accelerated detector. Further a numerical calcu- 
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lation of the response of a detector following a non-stationary worldline that interpolates 
between inertial and uniformly accelerated motion is presented. The response interpolates 
between zero and the Plankian response in a way that appears physically reasonable. It is 
worth noting here that some papers mention Schlicht's paper [25] as a reference for finite 
time detectors (in particular [84,86,87]). Although [25] can easily be adapted to this case 
it is no more a paper on it, than the original ones e.g. [27, 52] because all calculations are 
done for detectors which are switched on at tq = — cxd. 

The layout of the rest of this chapter is as follows. In section 1531 we first briefly review 
the formalism for the monopole detector and extend Schlicht's regularization to a Minkowski 
space of arbitrary dimension. We reproduce the expected results in the case of inertial and 
uniformly accelerated detectors. In contrast to Schlicht we shall consider both detectors 
switched on in the infinite past and detectors that are switched on at a finite time. In 
the finite time case we consider an instantaneous switching of the detector, no logarithmic 
divergences are encountered as we shall work throughout with the transition rate rather than 
the response function. Further we comment on the case of a detector coupled to a massive 
scalar field and present the analogue of Schlicht's correlation function there. The section 
ends with a reformulation of Schlicht's regularization in terms of a point-like detector and 
a momentum cut-off. The advantage of this view is that it makes the extension to curved 
spacetimes, such as Friedman-Robertson- Walker cosmologies more straightforward. Further 
it is shown that a similar view may be taken of a regularization obtained from that of Schlicht 
by modifying the detector shape profile. 

In scction l5.4l we consider a Schlicht-type detector on some spacetimes built as quotient 
spaces of Minkowski space under certain discrete isometry groups. We use the formalism of 
automorphic field theory on Minkowski space as discussed by Banach and Dowker [35,36]. 
That is, we consider quantum field theory on these spaces as quantum field theory on 
Minkowski space under certain restrictions imposed by the quotient group. We are in par- 
ticular interested in responses on the spacetimes Mq and M_ introduced in section We 
will present an analytic expression for the response of the inertial detector on Mq and 
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and for the uniformly accelerated detector on Mq, in all cases with motion in the a;-direction. 
The time dependent response a uniformly accelerated detector on Af_ is also considered, 
giving some analytic arguments for its general behaviour as well as discussing its numerical 
evaluation. This response is related to that of a static detector in the single exterior region 
of the KP"^ geon. We also consider 4-dimensional Minkowski space with an infinite plane 
boundary and inertial and uniformly accelerated detectors with motion parallel and per- 
pendicular to the boundary. This situation has relevance to the investigations of quantum 
inequality bounds and the detection of negative energy [88-95] . Ford, Svaiter and Lyra [96] 
and more recently Davies and Ottewill [97] have considered an inertial detector travelling 
parallel to the boundary, with Dirichlet boundary conditions, and switched on at a finite 
time, with a number of different switching functions. It is shown that the presence of the 
boundary, presumably for reasons related to the negative vacuum energy, reduces the exci- 
tations that result from the finite time switching.^ We find that for the motions not parallel 
to the boundary the picture is considerably more subtle. Finally we consider detectors on 
a 4-dimensional conical spacetime and on some higher dimensional generalizations. The 
4-dimensional spacetime may be considered as the spacetime outside a particular idealized 
cosmic string, of infinite length and zero radius (see e.g. [98]). The higher dimensional gen- 
eralizations have relevance to the responses of a static detector in the exterior of the MP'^ 
geon and comoving detectors in MF^ de Sitter space via their global embedding Minkowski 
spaces, as will be discussed further in sections l5 . 71 and f5 . 91 

In section l5.5l we extend Schlicht's formalism to a non- linear coupling of the scalar field, 
first in Minkowski space fsection l5.5.1|l and then in the quotient spaces f section l5. 5. 2|l . We 
comment briefiy on responses in various specific situations. 

In section we extend the formalism further to the more realistic case of a detector 
coupled to the massless Dirac field in Minkowski space (section 15.6. l|l . In 4-dimensional 
Minkowski space we recover the usual result for the transition rate and the power spectrum 
of the Dirac noise as defined by Takagi in (e.g. [31]) for a uniformly accelerated detector. 
That is a power spectrum, with Fermi factor, and response function characteristic of a 

^This conclusion was also reached earlier by Grove [80] with a more complicated analysis. 
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thermal response at the Unruh temperature (|1.2|l . The Dirae deteetor is futher extended to 
the quotient spaces in section lS . 6 . 21 and the transition rate and power spectrum are discussed 
for a uniformly accelerated detector on Mq and Af„ . On Af _ our main aim is to address the 
question as to whether a uniformly accelerated detector can distinguish the two different 
spin structures [23]. We will find that at least in the case of any motion in the {x, ?/)-plane 
no such distinction arises. 

Section r5.7l begins with an introduction to the literature on relating the Hawking effect in 
black hole spacetimes to the Unruh effect in global embedding Minkowski spaces (or GEMS), 
ft then presents an embedding of the MF^ geon spacetime in a 7-dimensional Minkowski 
space with identifications, as a quotient space of the embedding of the Kruskal manifold in 
7-dimensional Minkowski space discussed by Chamblin and Gibbons [99] . The response of a 
uniformly accelerated detector in the embedding space, relevant to that of a static detector 
on the RP^ geon, is then discussed. 

Section lST^ considers a detector coupled linearly to a conformally coupled massless scalar 
field in a conformally flat spacetime. A regularization of the correlation function in the 
conformal vacuum is introduced which is different from that obtained by applying a naive 
ie prescription. The expression obtained is conformally related to the correlation function 
found in Minkowski space in section 15. 3. f I 

Finally section 1531 considers detectors in de Sitter and MF^ de Sitter space [fOO,fOf]. In 
the case of a comoving observer we show that the regularization given in section 15.81 may 
also arise from the consideration of a detector with spatial extent. The usual thermal result 
for comoving and uniformly accelerated detectors in de Sitter space is recovered. We then 
discuss a comoving detector, where motion is orthogonal to the distinguished foliation in 
RP^ de Sitter space [100]. We first consider the response from a direct calculation in the 
RP^ de Sitter space and then from a relevant calculation for the associated worldline in its 
embedding space, motivated by the GEMS scheme. The embedding space is a 5-dimensional 
Minkowski space with identifications, related to the usual 5-dimensional embedding of 4- 
dimensional de Sitter space. These last calculations should be useful in assessing the validity 
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and determining the relation between particle detector calculations in the global embedding 
Minkowski spaces and those in the original spacetimes of interest. The results provide 
support to the view that the GEMS approach captures, to a considerable extent, properties 
of quantum fields. 

Appendices IBIDIFIGI contain details of some of the integrations required in sections l5.3t 
15.91 Appendix El provides details of the correlation function and responses in 2-dimensional 
Minkowski space. Appendix IeI provides more details for the automorphic field detector. 

5.3 Causal detector with linear coupling 

5.3.1 Massless scalar field in d-dimensional Minkowski space 

In this section we briefly review the model point-like particle detectors of DeWitt [27] . We 
discuss the use of spatial sampling functions to regularize the correlation function and extend 
the regularization in [25] , using a Lorentzian sampling function, to d-dimensional Minkowski 
space M, d> 2. 

DeWitt's monopole detector 

The model is that of a monopole detector, moving along a prescribed classical trajectory in 
M and coupled to a massless scalar field (j). The field has Hamiltonian iJ^, and satisfies the 
massless Klein-Gordon equation. The free field operator is expanded in terms of a standard 
complete set of orthonormal solutions to the field equation as 

where (t, xi, X2, ■ ■ ■ ,Xd~i) are usual Minkowski coordinates and, in the massless case, uj = 
|k|. The field is quantized by imposing, for the creation and annihilation operators, the 
usual commutation relations 



[a(k),a^(k)] ^S'^-^k-k') 
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The Minkowski vacuum |0) is the state annihilated by all the annihilation operators. 

The detector is a quantum mechanical system with a set of energy eigenstates 
{\OD),\Ei)}. It moves along a prescribed classical trajectory t = t{T), x = x(r), where 
T is the detector's proper time, and it couples to the scalar field via the interaction Hamil- 
tonian 

Hint = Cm{T)(j){T) , (5.3) 

where c is a (small) coupling constant and m(T) is the detector's monopole moment operator 
[27]. The evolution of m(T) is given by 

m(T) = e'^°'^m(0)e-*'^°^ . (5.4) 



As the interaction takes place at a point along the trajectory at any given time, the detector 
is known as a point-like detector. 

Suppose that at time tq the detector and field are in the product state |0, Eq) = |0)|i?o), 
where \Eo) is a detector state with energy Eq. We want to know the probability that at a 
later time ri > tq the detector is found in state \Ei), regardless of the final state of the field. 
We are interested in both excitations, Ei > Eg and de-excitations, Ei < Eq. We find the 
required expression in the interaction picture (see e.g. [102]) where all field operators satisfy 
the free field equations and the time evolution is shared between operators and states. In this 
picture the time evolution of the product states is governed by the interaction Hamiltonian 

i|:IV'(T))=cm(r)</.(r)|V(T)) . (5.5) 

The amplitude for the transition from state |0,£'o) at r = tq to |V', -E'l) at r = n, by the 
usual interaction picture theory is 



(V',^i|0,i;o) = (V'.i^ilTexp 



/•Tl 

-i / drHintir) 

Jrn 



\0,Eo) , (5.6) 



where T is the time ordering operator. To first order in perturbation theory the expression 
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reads 



{ij,Ei\0,Eo) = ic{^,Ei\ / dTm{T)(j){T)\0,Eo) 

J To 

= ic{Ei\m{0)\Eo) f ' dTe'^^'~^°^^'iJj\(l){T)\0) . (5.7) 

J To 



The transition probability to all possible states of the field is given by squaring (|5.7|l and 
summing over the complete set {|^)} of final field states, with the result 



J2mE,\0,Eo)\^ = c'\{E,\mmEo)\^ H dr T dr'e-'(^-^«)(---') (O|0(r)0(r')|O) . 

^ J To J To 

(5.8) 

This expression has two parts. The sensitivity c'^\{Ei\m{Q)\Eo)\'^ depends only on the inter- 
nal details of the detector and is not considered hereafter. The "response function" 



Fto,tA^) = r dr r dr'e-^"(---')(0|^(r)</>(r')|0) , (5.9) 

J To J To 



where uj = Ei ~ Eq (tj > for excitations and cj < for de-excitations), does not depend 
on the internal details of the detector and so is common for all such detectors. 



We now follow Schlicht [25] and change coordinates to w = r, s = t — t' for t' < t and 
u = t' , s = t' — T for r' > t. Then 



(•Tl I'll — To 

Fro,T,{t^) = 2 du I dsi?e (e-'"''(0|(^(w)(/)(u- s)|0)) , (5.10) 

J To Jo 



because (0|(/)(t')(^(t)|0) = (O|(^(t)0(t')|O)* (a consequence of </> being a self adjoint operator 
and the axioms of inner products). To obtain an expression for the "transition rate", we 
differentiate with respect to ri and obtain 



FroA^) = ^[ "dsi?e(e-*-^(0|</)(r)</)(r-s)|0)) , (5.11) 
Jo 



where we have written ri — r. The transition rate is clearly causal in the sense that it does 
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not depend on the state of motion of the detector after time t but only on times tq < t' < t 
which label the past motion of the detector. If the correlation function (O|0(t)(/)(t — s)|0) is 
invariant under translations in t this expression may be simplified to 

FroA^) = f ds e-^'^^(0|(/.(s)(/.(0)|0) . (5.12) 



The transition rate, which is proportional to the derivative of the probability of the 
transition with respect to the switch off time t, may be written as 

F^^A^) ^ hm . (5.13) 

From (|5.13|) it is clear that the transition rate is not related to the response of a detector 
turned on at r and off ai t + St in the limit as St goes to zero. Rather the transition rate 
compares detector responses in two different ensembles of detectors, one switched off at r 
and the other ed t + St in this limit. Fr^^T, being proportional to a probability is strictly 
non-negative. Frg^r, however, may a priori be negative, and we shall see examples where it 
indeed is. 



The above formalism for a monopole detector is standard in the literature (see e.g [1]) 
and in particular is the model first introduced by DeWitt [27]. The correlation function 
{0\(f>{x)(p{x')\0) in 1)5. is the positive frequency Wightman function, which can be obtained 
from the expansion H5.1|l . 

^g-ic^(t-t')+ik-(x-x') _ (^-14) 

2uj 

The integrals for d > 2 may be performed by moving to hyperspherical coordinates (polar 
coordinates and spherical coordinates for d = 3 and d = 4 respectively). The |k| integral 
requires regularization due to ultraviolet divergences. The usual regularization [1], often 
known in the literature as the ie-prescription, is to introduce the exponential cut-off e"*^'''' 



(O|0(x)0(x')|O) 



(27r) 



84 



Chapter 5: Particle detector models 



5.3 Causal detector with linear coupling 



in the high frequency Minkowski modes. The resuhing expression is (see appendix IB)| 

(O|</)(r)0(r')|O) = jj^ , (5.15) 

for d>2. 

For d = 2 it is weh known that the massless scalar field theory suffers from infrared 
divergences [103]: The formal expression for the correlation function is (see appendix Q 

(O|0(r)0(r')|O) = ln((<(r) - i(r') - ^ef - (xir) - xir'yf) + C , (5.16) 

where C is an ill-defined constant. We may still consider the particle detector in 2-dimensions 
dropping the constant divergent term in the correlation function. Provided we include a 
temporal window function which vanishes at infinity and consider an asymptotic (infinite 
time) detection the constant terms in the correlation function do not contribute to the 
response (see appendix O, this point was made by Takagi in [31]. 

The fundamental observation of reference [25] is that if wc now use H5.15|l in H5.11|l on a 
uniformly accelerated worldline with acceleration 1/a and proper time r, 



t — Q;sinh(r/Q!) , 
X — acosh(r/a) , 



(5.17) 



with the detector switched on in the infinite past, to — — oo, we obtain a time dependent 
and apparently unphysical result, instead of the expected time independent thermal result 
(see e.g. [1,27]). Schlicht shows this in 4 dimensions by specific numerical and analytic 
calculations, and the general d case follows similarly. His solution is to propose a differ- 
ent regularization of the correlation function, by considering the monopole detector as the 
limit of a spatially extended one. We next discuss Schlicht's regularization and related 
alternatives. 
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Alternative regularizations 

In [25] Schlicht introduces a regularization of the Wightman function by considering the 
monopole detector as the hmit of a detector extended in space'^. An argument for the physical 
reasonableness of the regularization is that a spatially extended model should provide a more 
realistic model of a real particle detector. A related attempt to introduce a regularization via 
a spatially extended detector was made and discussed in some depth by Takagi [31]. Takagi 
however employs formal limiting arguments in a way that leads to the usual ie prescription. 
The justification of these arguments has been criticised in [25]. 

Intuitively the most physically reasonable model is one which remains rigid in the de- 
tector's proper reference frame. In Minkowski space a reasonable choice for this reference 
frame is that built from Fermi coordinates (see e.g. [104] for a thorough discussion on the 
construction of Fermi coordinates). This is the choice adopted by Schlicht. Having chosen 
to work in a Fermi coordinate frame there are many ways in which we could model the 
extended detector. For one such model of a detector which cannot resolve distances shorter 
than e we can replace the field value at a point, (/'(t) in the interaction Hamiltonian (|5.3I) . by 
a field average over a patch of the spatial hypersurface, of characteristic size e and centered 
on the worldline. For example we could consider 



where (r, ^) are the Fermi coodinates, the integral is over all — e/2 < < e/2 for all i and 
x(r, ^) describes the transformation between the Minkowski and Fermi coordinates. This 
model detector has a truly finite spatial extent. The effect of the spatial averaging is to 
introduce a cut-off at small distances. The unregularized integral expression H5.14|l for the 
Wightman function is recovered from (O|0(r)0(r')|O) with 0(r) given by (|5.18|) in the limit 
as e goes to 0. 

Of course we are not limited to considering the spatial averaging H5.18|l . Other possibil- 
ities arise, for example, if we smear the field operator with a suitable window function of 

^See also [78] for a discussion of detector models with spatial extent. 




ex ...X e 




(5.18) 
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characteristic length e, 




(5.19) 



which is the procedure considered in [25]. The box averaging in H5.18|l is equivalent to a 
window function which is the product of step functions. In effect this again introduces 
a cut-off at short distances of the order of e in size. We may choose a window function 
with infinite support, such as that used in [25], if the window function decreases sufficiently 
rapidly at large distances. Or we may consider a detector of truly finite extent with the 
use of a window function with compact support. We require the window function to be 
normalised as 



so that smearing a constant function will return that constant value. We also require the 
window function to approximate the {d — l)-dimensional Dirac d function, so that in the 
limit as e tends to 0, (|5.19|l formally gives the field value (j){x{T)). The window function 
hence staisfies W^{^) « for |,^| » e and W,{^) oc £-('^-1) for |^| << e. 

Schlicht's correlation function in d dimensions 

We now extend Schlicht's regularization of the Wightman function [25] to d-dimensional 
Minkowski space. Although a large number of different window functions could be consid- 
ered, the one chosen in [25] seems to be the easiest for obtaining a closed expression for 
the Wightman function on an arbitrary trajectory. Further, as we shall see in section 15. 3. 31 
the regularization introduced by this window function is similar to that of the usual ie reg- 
ularization except for the important difference that the cut-off of high frequency modes is 
as seen in the reference frame of the detector, whereas the usual ie procedure introduces a 
cut-off of the high frequency modes as seen by inertial observers. 

The d-dimensional analogue of the window function considered in [25] is 




(5.20) 



T[d/2] e 



(5.21) 
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(|5.21|) is sometimes referred to as a Lorentzian window or sampling function. It approximates 
a (d — l)-dimensional Dirac 6 function as it scales as 

^^(0 - -^Wi{^/e) , (5.22) 



and 



J d''-'^W,{0 = l ■ (5.23) 



The advantage of this window function is that in the calculation of the correlation function 
(O|0(t)0(t')|O) all integrals may be done expHcitly. 

Now using H5.19|l and (|5.21|l , we find 



(O|0(r)0(r')|O) = /d'^-i^iy,(^)e-M(-.«)-''-(-'«)) 



1 f d'^-^k 
{2ttY-^ J ~2^ 

X y"d'^-i^'VF,(^')e'^'^*^^''^'^~'''''*^''*'" • (5.24) 
Consider then the integral over ^ in H5.24|l . 

5.(k;r) = / d'^-iCTy,(Oe-^('=-^(^'«)) , (5.25) 



where we have written (t,x), (a;,k),as a d- vectors x and k respectively. The transformation 
to Fermi coordinates is 

x{t,0 = x{t) + ^ie^,{T) + ■ ■ ■ + U-ieU-Ar) , (5.26) 

where x{t), e^^ (r), . . . , e^j_j (r) form an orthonormal basis which is Fermi transported along 
the worldline. Now 



^ ^-i{k-x{T)) 1 ^d-l^T^^^^y-iiilk-e^^{r)+-+(a-lk-ei^_^(r)) ^ (5.27) 
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Writing k := (A; • ejj (r), . . . ,k ■ e^^_^ (r)), we have 

^^(k; r) = ^e-(-(^)) / d-^e J^T^.-''^-' ■ (5-28) 

The integration for d > 2 may be performed by moving to hyperspherical coordinates in ^ 
space (see appendix Ib| . while that for d = 2 may be done directly (see appendix IC|l . The 
result is 

Now we use the same arguments as Schlicht. We multiply the expression 

k ^ [k ■ x)x - {k ■ e^Je^i (fc • e^^_^)e^^_-, (5.30) 

by k, giving 

(fc -if = {k-e^^f + --- + {k- e^^_^f = {uji^k- x)^ . (5.31) 

As A; • i; is the product of a lightlike and a timelike vector, both future-pointing, it is postive. 
Hence 

g,(k;T) ^e^*('=-"("»e-''=-" , (5.32) 

and so 

(0|</>(T)(/)(r')|0) = ^^J^a-i J ^^^e-^'^(*-*'-"(*+*'»+*-(^-^'-"(*+*'» . (5.33) 

For d > 2 the integral in H5.33|l may be performed again by moving to hyperspherical 
coordinates (as shown in appendix Ib)| . The final result is 

(0|^(r)<^(r')|0) = i:^^ , 
A = [i2(t(T) - t(T') - ie{i{T) + i{T')) f + (x(r) - x(r') - ie(x(T) + x(r')))2] . (5.34) 
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For d = 2, 

(O|</>(r)0(r')|O) = _^-^\k\{t-t'-^,{i+i'))+^k{x-x'-^e{±+x')) ^5 35) 

The integral is performed as that leading to l|5.16|l . The correlation function is thus (see 
appendix Q 

(O|0(r)0(r')|O) = -l-\n[{t{T)-t{T')-^e{i{T)+i{T')f 

-(x(t) - x{t') - ie{x{T) + ±{T')f] + C , (5.36) 

where C is an ill-defined constant. 

We note here that following a similar calculation to that given above the usual ie reg- 
ularization of the correlation function (i.e. H5.15|l and (|5.16|) ') may also be obtained by 
considering a spatially smeared field. The difference from the above regularization being 
that the smearing is done in the Minkowski reference frame, that is always with respect to 
inertial observers, and not in the Fermi frame. This model detector is thus not rigid in its 
rest frame. 



Inertial detector in d dimensions 

First we consider the transition rate (|5.12|l with the correlation function (|5.34|) for a detector 
following an inertial trajectory. On Minkowski space the existence of boost Killing vectors 
implies that the response of the detector will be independent of velocity v. We consider 
therefore the trajectory t = t, n — constant, where —oo < t < oo. If the detector is 
switched on in the infinite past, tq — — oo, the transition rate for d > 2 is 

Fr{uj) ^ \' ^ / ds— ^. . . (5.37) 

Note that we obtain the same expression in this case if we use instead the usual correlation 
function ()5.15f) i.e. with the ie regularization. The integral may be done by residues and 
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the result as e ^ is 

where &{~u!) is the Heaviside step function. When d = 2 there are added comphcations 
due to the constant terms, one of which is infinite, in the correlation function (|5.3t)|l . but 
these terms do not contribute to the transition rate provided we include a temporal window 
function into the integral (see appendix [U)! . We find 

Fricj) = --e(-w) . (5.39) 

The results given by H5.38|l and H5.39|l are as expected on Minkowski space. The transition 
rate vanishes for lu > indicating that an inertial detector is not excited by the Minkowski 
vacuum. For uj < the transition rate is non-zero due to the possibility of spontaneous 
emission by the detector. 

Following Takagi's analysis of the uniformly accelerated detector [31] we may relate the 
transition rate given by H5.38|l and H5.39|l to a local density of states. On Minkowski space 
or a quotient of Minkowski space with non-compact spatial sections and mode solutions 

g-i|k|t 

"k(i,x) = ■^^^j^jT7J^k(x) , (5.40) 
the local density of states is defined to be [105] 

p(a;,x) = J d''-^k\hi,{^)\^S{\k\-u;) . (5.41) 
Due to the normalization of the modes 

p{lu) = / d'^-^xpiuj,x) = [ d'^-'^kS{\k\~uj) , (5.42) 



and so if the space is homogeneous then p(lu, x) is independent of x and is then the density 
of states per unit volume. The usual Minkowski density of states is obtained by taking 
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/»k(x) = (2^)(d-i)/2 , and then 

Pm{^, x) = 1 -^-^ <5(|k| - a;) . (5.43) 
For d > 2 the integral may be done by transforming to hyperspherical coordinates. We find 



^m(-,x) = ,,-.^,,-,y.^^^a_,y,f i-) ■ (5.44) 
By making use of tlie properties of Gamma functions it is easy to show that 



M^) = --e(~c^)pM(k|,x) . (5.45) 
This relation also holds for d = 2 as shown in appendix O 

For a detector that is switched on at a finite proper time tq, the transition rate, for 
d > 2, is given by (|5.38|) plus the correction term 

^A.(-) - J^^ ds j^r^g^, , (5.46) 

where At = t — tq. We note that Cat(w) is manifestly finite for all At > 0. The integration 
may be performed by successive integrations by parts. In the case = 4 we recover the result 
of Svaiter and Svaiter [79] , 

^ , , cos(wAt) \uj\ ... , , , , 
CaAu^) = + ^si(I^IAt) , (5.47) 

where si is a shifted sine integral [106], 

siiz) = dt—--. (5.48) 

There are regions of the jtiijAT parameter space where CAr(^) and therefore Fr{uj) is nega- 
tive (recall that for w > the asymptotic response is and so Cat(w) is the total response 
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there). A plot of (|CT7jl can be found in [79]. 



Finally we consider the limit of the response as Ar — > 0. If we take this limit directly, 
i|5.47ll shows there is a divergence. It is interesting however to see whether or not keeping 
e ^ regularizes this divergence. That is, is the spatial smearing enough to regularize this 
ultraviolet divergence? We restrict ourselves here to 4 dimensions. The transition rate for 
this finite time detection is 



1 



At 
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1 

'4^ 
-Ei(z, 
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47^2 



-iuAr 



(-At - 2ie) 
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- 2ie) 


(-At - 2ie) 


(At 


- 2ie) 


At - 2euj)] , 
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iujAr 
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ds ■ 



47r2 7_Ar (s - 2ie) ' 

-^e^^^^ [Ei(-iwAT - 2ew) 
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(5.49) 



(5.50) 



where we have now indicated the explicit dependence on e. The second line follows by 
integration by parts, the third from [50], Ej is the exponential integral and Ci and si are 
cosine and shifted sine integrals respectively [106]. Taking the e — > limit of (|5.5U|I we 
recover (l5.47(l +|tj|Bf— tjl / (27rl as expected. Suppose however we keep e 7^ and take the 
At limit of (|5.5Q(I . We see clearly from (|5.49(l that in this limit the transition rate 
vanishes. Thus the spatial smearing is enough to regularize the transition function in this 
limit. Similar conclusions hold in the 2-dimensional case, though we shall not spell out the 
calculations here. Similar investigations (though not the exact case considered here) of the 
At and e limits of the response function on incrtial and uniformly accelerated worldlines 
were made in [82]. 
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Uniformly accelerated detector in d dimensions 

Next we consider the transition rate for a spatially extended detector whose centre follows 
the uniformly accelerated worldline (|5.17|) . Inserting the worldline (|5.17|) into (|5.34|) gives 

(O|</.(r)0(r')|O) = 5l77^7 : TT^ : 77^^=2 ■ (5-51) 

As the correlation function is invariant under translations in r the transition rate is given 

by 

Fri^) = l^'^ll ~ J, ds "—^ ^ . (5.52) 

,d-2(4^)d/2 (^sinl^(^)_igCOSh(^))''~' 

In the case of a detector switched on in the infinite past, tq = — oo, the integral here may 
be done by residues (see Appendix . The transition rate is independent of r along the 
trajectory and is given by 



2d-27r(<i-i)/2c,d-3r((d_ i)/2) 



X < 



uUt~''^'({^-kr + a^u;^ deven 



(e2--=-l) 



(5.53) 



where for d = 3 and d = 4 the products nil~i^^^^ ((^ - k)^ + ^t^^^) and 

nitTi^'^^ ((^7^ ^ + "■^'^^^ in H5.53|) are both 1. The corresponding result for d = 2 is 



(see appendix El 

1 



Fr{uj) = . (5.54) 



The transition rate (|5.53|) and 15.54|l is as in the literature [74]. It is thermal with charac- 
teristic temperature T = l/{2'Ka) in the sense that is satisfies the KMS condition 

Fr{uj) = e""/^/V(-w) , (5.55) 

at that temperature (see e.g [31]). Further H5.53|l contains the expected "apparent" statistics 
inversion as we go from odd to even dimensions. 
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Takagi has shown [31] that the transition rate is related to the local density of Rindler 
states where we consider Rindler mode solutions in the definition H5.41|l . The relation reads 
explicitly 



= ^ ^/^(")^^ . (5.56) 



More details can be found in [31]. 

The correction term for finite time detections is 



T[d/2- 1] ^ cos(ws) 



2a) 

The correction term is even in lu and so breaks the KMS condition H5.55|l . The transition 
rate for a detector accelerated for only a finite time is thus not thermal in this sense. The 
effect of using a smoother switching for finite time detections for inertial and uniformly 
accelerated motions was investigated in [81,82]. 



5.3.2 Massive scalar field 

In this section we compute the correlation function for the smeared field operator (|5.19|) for 
a massive scalar field. 

The detector model is as in section 15.3.11 The field is expanded in modes as in (|5.1|l 

1 /2 

but now with uj ~ (k'^ + to^) , where m is the field mass. The transition rate for the 
detector is given by H5.11|l . where (/)(r) is the smeared field operator (|5.19|) . The correlation 
function is given by the expression (|5.24|) and we are again led to consider (k; r) as in 
(|5.25l) . The calculation of (k; r) is identical to that leading to 15.32|l and so we find 

5,(k;T) = (,-^(k-x(T))^-ek-x 

{Q\(t>{T)4>{T'm = j^^^ J ^^^e-'"(*-*'-^^(*+*'»+*'^-(''"'''-''^(^+*'» , (5.58) 

1/2 

now with UJ — (k^ + m^) 

The integrals here may again be done by moving to hyperspherical coordinates in k- 
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space. We restrict ourselves now to the case = 4 (although the arbitrary d case follows 
similarly). After performing the angular integrals, we find 

(O|0(t)^(t')|O) = -— / dk \ sin{kR)e-<'''+"^n (*"*'--(*+*'», (5.59) 



where R = -^(x — x' — ie(x + x'))^. This may be written as 

(O|<^(r)0(r')|O) = -±-dn / dk \ , ,, e-<''^+-^) . (g.go) 



-oo (fc2 + rn2) 

We now change variables by fc = msinh^, so that cu = mcosh^ and 



(0|(/.(t)</.(t')|0) = ^^Or / d0e™(^'^^'^^^-(*-* -*^(*+* . (5.61) 



For the detector trajectory we consider only timelikc worldlincs, {t — t') > (x — x'). We 
distinguish two cases. Firstly, for {t — t') > 0, we make the substitution {t — t' — ie{t + r )) = 
v0^cosh6lo, R = v0^sinh6lo, with X={t-t' - ie{i + i')f - R^. We find 



Now we note 



1 f°° 

Ko{z) = - dte-''"^''\ (5.63) 
^ J -00 



valid for Re{z) > [50], where Kq is a modified Bessel function, and we may show for a 
timelike worldline that Jm(A/A) < 0. Hence 

(0|<^(r)<^(r')|0) = ^dH[Ko{imVx)' 

as dzKQ{z) = Ki{z). The case {t — t')<0 is similar except we make the change of variables 
{t—t'—ie{i+i')) = — \/A cosh^Oj R = \/Asinh^o again we may use the integral representation 
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of Kq and we obtain the same result (|5.64|l . 

The massless Umit is easily checked. We have near z = 0, Ki{z) = \/z [50] and so 
the correlation function H5.64|l agrees with that of Schlicht in this limit. Had we used the 
field operator without smearing we would have obtained (|5.()U|) with e = 0. The usual 
regularization procedure, as with the massless case, would then be to introduce a cut-off in 
the high frequency modes by t ^ i — ny, where 77 is small. The result would be (|5.64|) but 
with \ = {t-t' - iriY - |x - x'p. 

5.3.3 The regularization as an ultraviolet cut-off 

In this section we show that the regularization discussed in sections 15.3.11 and 15.3.21 may 
be viewed as the introduction of an ultraviolet cut-off into the integral expression for the 
correlation function. 

Suppose we begin with a normal monopole detector model like that of DeWitt. The 
transition rate is given by H5.11|l , and the correlation function is 

(O|<^(r)0(r')|O) = -^^^ J ^ . (5.65) 

This expression requires regularization. The usual ie procedure is to introduce an ultraviolet 
cut-off in the modes by including in the integrand the factor e~'^'^. This means that high 
frequency modes as seen by an inertial observer are exponentially suppressed. As discussed 
in section 15.3.11 this leads to an unphysical time-dependent result in the case where the 
uniformly accelerated detector is switched on in the infinite past. Let us instead consider an 
alternative ultraviolet cut-off where it is the high frequency modes as seen by the detector 
which are suppressed. Motivated by the fact that, as Unruh puts it [14] "A particle detector 
will react to states which have positive frequency with respect to the detectors proper time, 
not with respect to any universal time.". Here the frequency is the time component of 
the d-momentum. We want therefore this frequency component in the rest frame of the 
detector, that is the frame which is Fermi- Walker transported along the trajectory with 
basis vectors {w(t), e^j^ (t), . . . ,e^^_j^(r)} given the d-momentum (wjfc^^j, . . . ,kx^_i) in the 
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usual Minkwoski frame. The two frames are of course linked by a Lorentz transformation, 
and a simple calculation reveals that the frequency component in the Fermi- Walker frame 
at time t is i-u'{t) — ujt{T) — k • x(t). Therefore if we introduce an ultraviolet cut-off in these 
frequencies at r and r' into (|5.t)5|l . that is we add a factor of e~''("(*('^)+*('^'))^'''(^('^)+''('^'))) 
and compare with H5.33|l we see that the resulting correlation function is that of Schlicht. 

Another way to introduce this cut-off is to define operationally the frequency as seen 
by the moving detector by = Lo'cf), where t is the detector's proper time. A mode 
(j> (X with frequency ut in the standard Minkowski frame thus has frequency 

uj' ~ ujt{T) — k • x(t) as seen by the detector. 

We have obtained an appropriate regularization of the correlation function without in- 
troducing a detector with infinite spatial extent, that is without smearing the field operator 
in the interaction Hamiltonian. We will be using this reasoning as the definition of a regu- 
larization in de Sitter space in section 15.91 

5.3.4 An alternative detector form 

In this section we discuss the effect of an alternative shape for the detector. In particular we 
discuss a Gaussian detector profile, instead of (|5.21|) . We show that again the regularization 
may be viewed as a cut-off in the high frequency modes as seen by the detector. 

The model is that of the previous sections with the smeared field operator in the inter- 
action Hamiltonian given by (|5.19|) . However now we consider a Gaussian detector shape 



This shape function also approximates a (d — l)-dimensional 5 function, since it scales as 



1 




(5.66) 



£d-i(27r)('^-i)/2 



1 



(5.67) 



and satisfies 




(5.68) 
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The associated correlation function again takes the form H5.24|l . FoUowing the arguments 
after (|5.24|) . we arrive at 

- ,.-r(J)(.-i)/. e-'^-^(^»/ d'^-'^e-^e-^^-^ . (5.69) 

The integral may be done by transforming to hyperspherical coordinates as described in 
Appendix El We find 



and the correlation function becomes 



xe 2 e 2 . (5.71) 



Comparing 1)5.71(1 with the discussion of section l5. 3. HI we see that the regularization is 
again equivalent to introducing an ultraviolet cut-off in the modes as seen by the moving 
detector: only now the cut-off at time r takes the form e 2 where lu' is the frequency 
of the Minkowski modes as seen from the Fermi- Walker transported frame. This result is 
expected to be useful in any thorough investigation of the dependence (or otherwise) of 
the response on the shape of the detector. It is clear that for a detector with extent e 
the response will be dependent on the shape, and my intuition is that this dependence will 
disappear in the e — > limit, that is in this limit all shape functions will lead to the same 
response. This however is still an open question. 
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5.4 Linearly coupled scalar field detector on quotients 
of Minkowski space 

In this section we adapt the detector model of section [5. 3. II to spacetimes built as quotients 
M/T of Minkowski space under certain discrete symmetry groups F. In particular we cal- 
culate responses on Mq, M_, Minkowski space with an infinite plane boundary and certain 
conical spacetimes. 

We notice immediately that there is a problem in directly applying the methods of section 
15.3. ll to these spacetimes. As these quotient spaces do not have infinite spatial sections in all 
directions, it does not directly make sense to consider a detector with infinite spatial extent 
as used in H5.19|l . We shall argue however that we may introduce a detector similar to that 
of section l5.3.1l bv working with automorphic fields on M [35,36]. That is, we consider fields 
on the quotient spaces as fields on M satisfying certain transformation properties under the 
action of the discrete group. 

5.4.1 The automorphic field detector 

Consider Minkowski space Af in d dimensions, and consider the quotient space AI/T where 
r is some discrete isometry group. |r| may be infinite (as indeed is the case on Mq and 
M_) which will mean that some of the following expressions remain formal in those cases. 
We will find however that these formalities do not interfere as in any calculations done the 
infinities and the formally vanishing normalization factors will cancel to give finite results. 

The automorphic field cj) is constructed from the ordinary field (p as the sum 

'^(^) -■= 7 7TJ1 E PM^i^~'^) ' (5-72) 

where ^(7) is a representation of F in SL{R) ~ {1,-1}. The normalization in ()5.72f) has 
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been chosen so that, at equal times (see appendix IE)) 

5), 0(a;') = i6^'^^'^''{x - x) + image terms . (5.73) 
The two point function for the automorphic field is then given by the method of images as 
(O|0(x),^(x')|O> = ^p(7)(O|0(x)0(7"ix')|O) , (5.74) 

where (O|0(x)0(x')|O) is the usual correlation function on Minkowski space. 

As a model of a particle detector on AI /T, we introduce on M a detector linearly coupled 
to the automorphic field by 

i7i,t = cm{T)4>{T) , (5.75) 

with^ 

jd-l 



d'-'^W,{OH^{T,0) ■ (5.76) 

One might ask why we have not included in (|5.75(l image terms under T (that is one term 
for each image of the detector). There arc two obvious ways in which such terms could 
be included. Firstly we could consider each image term in the sum to be weighted by the 
representation ^(7). In certain situations, such as on Minkowski space with an infinite plane 
boundary with Dirichlet boundary conditions this would however lead to the detector and its 
image terms cancelling each other to give a vanishing interaction Hamiltonian. Alternatively 
we could consider image terms without the representation weights. Then each image term 
would be equal to that in (|5.75|) and so we would obtain the same results with an overall 
(possibly infinite) normalisation factor, which can be absorbed in the coefficient c. We 
therefore work with H5.75|l . 

From H5.75|l . a discussion analogous to that in section [5.3.11 leads to the transition rate 



*If we considered here 0(t) = 4i(x{t)) with the usual ie regularization, again we would find as Schlicht 
does in Minkowski space an unphysical result for the response of the uniformly accelerated detector on these 
spacetimes. This is most easily seen by considering that the 7 = / term (where I is the identity element) in 
I5.74i is that found in Minkowski space. 
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(to first order in perturbation theory) 



\{uj)^2 f ds Re (e-"^' {0\${t)^{t - s)\0) 



(5.77) 



jQ 



where the correlation function for the automorphic field in H5.77(l . (O|0(r)0(r — s)|0), is given 
by the method of images applied to (|5.34|l (see appendix Ie)) . Explicitly we have 



(O|0(r)0(r')|O) =^p(7)(0|^(r)</>(7-V')|0) . 



(5.78) 



7er 



5.4.2 Scalar detector on Mq 

Recall that Mq is a quotient of 4-dimensional Minkowski space where the quotienting group 
r is that generated by the isometry Jq : {t, x, y, z) > (i, x, z + 2a). The transition rate for 
our detector is given by ()5.77f) with 



where rj = +1, (—1) are the representations of F, labelling untwisted (twisted) fields respec- 
tively. 

Inertial detector on Mq 

Consider first a detector following the inertial trajectory 




(5.79) 



t = r(l-t;2)-i/2 ^ 



Z = TV{\ — V 



X = Xq , 



y = 2/0 , 



(5.80) 



where velocity —1 < v < 0, ~oo < t < oo is the detector's proper time and xq, yo are 
constants. Substituting the trajectory into H5.79|l and then H5.77|l . we find that the transition 
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rate for a detector switched on in the infinite past reads 



oo 



The integral may be done by residues. The result is 

M.) = E ,-"°'^"-"- -^'""'e^9(-.) . (5.82) 

47ra ^-^ n 

n— — oo 

As on Minkowski space the transition rate vanishes for a; > while it is non-zero for uj < 
although the rate of spontaneous emission is altered from the Minkowski rate due to the 
non-trivial topology. The transition rate depends on velocity v due to the absence of a boost 
Killing vector in the z direction on Mq. 



Consider now the limit as i; ^ 0. By the isometrics of Mq this gives the response of an 
inertial detector that may have arbitrary velocity in the x or y directions. Then 

FJuj) = -— + V 77"- sin(-2nwa) e(-w) . (5.83) 

ZTT 27ra ^-^ n ' 

n— 1 



In the case of an untwisted field, rj — \, the summation in H5.83|l is recognized as the Fourier 
series of the 27r-periodic function that on the interval (0, 2-k) takes the form f{~2u)a) = 
\{tt + 2uoa) (see e.g. [40]). We hence find 

F,{uo) = i^^J , (5.84) 

za 

where [x] denotes the integer part of x. We plot TTFr/\uj\ against |w|a/7r for w < in figure 
15.11 For a twisted field, i] = —1, we note (—1)" sin(7ix) = sin(n(a; + tt)) and find 



Friu;) = L^—^ei-u) . (5.85) 
2a 
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Figure 5.1: Transition rate of an inertial detector on Mq for an untwisted scalar field. We 
have taken uj < and plotted 7ri^7.(w)/|w| against IwIo/tt. 



Uniformly accelerated detector 

If we consider a detector following the worldline of uniform acceleration (|5.17ll we obtain, 
again for the detector switched on at tq = — oo, 



27r(e' 



2-Kauj 



1) 



E°° „ sin [2ati;arc sinh (na/a) 
V — -^—^ 

n=l 



(5.86) 



where the integral in the transition rate has again been done by residues. The result agrees 
with that obtained by Louko and Marolf in [22]. The response is independent of t. Moreover 
it is thermal in the sense that it satisfies the KMS condition H5.55(l . There is however a break 
from the purely Planckian form found on Minkowski space due to the image sum. 



5.4.3 Minkowski space with an infinite plane boundary 

In this subsection we consider a detector on c?-dimensional Minkowski space^, with 
Minkowski coordinates (t, xi, . . . , x^-i), with an infinite boundary at xi — 0. Detectors 
on this spacctimc (in particular in the case of 4-dimensions) have been considered by a 
number of authors (see e.g. [107, 108])^. However there has not been any presentations (as 

^Throughout this section we consider d > 2. 

®The case of Dirichlet boundary conditions for d = A has been the focus of some study recently on the 
response of detectors to negative energy [97]. The authors of [97] considered the response of a finite time 
detector travelling inertially parallel to the boundary. They found that the negative energy outside the 
boundary 14.411 has the effect of decreasing the excitations which are present even in Minkowski space due 
to the switching of the detector. 
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far as the author is aware) of the time dependent response for an inertial or uniformly ac- 
celerated observer who approaches the boundary from infinity. The results in this section 
are interesting also as a preliminary calculation before the response of detectors on M_ is 
considered. Many of the features seen here will also be observed there, but in a simpler con- 
text as there is no compact direction and therefore the image sum is finite. Further we will 
see in section 15.9.21 that the response of a uniformly accelerated detector on 4-dimensional 
Minkwoski space with an infinite plane boundary is very closely related to the response of 
an inertial detector coupled to a conformal scalar field in KP^ de Sitter spacetime [100]. 

Again the discussion of section 15.4.11 follows through and the transition rate is given by 
l|5.77|l where now the automorphic correlation function is 

{0\Hr)Hr'm = /3"(O|0(r)0(J,"r')|O) , (5.87) 

n=0,l 

where Ji, : (t, Xi,X2, ■ ■ ■ , Xd-i) ^-^ (t, —xi,X2, . . . , Xd^i) and /? = 4-1, (—1), which label Neu- 
mann and (Dirichlet) boundary conditions respectively. We note here that on 4-dimensional 
Minkowski space with boundary at a; = the renormalized expectation values (0|Tp^|0) of 
the energy-momentum tensor in the vacuum state induced by the Minkowski vacuum were 
given in section [4. 2. 31 For the minimally coupled massless scalar field they reduce to 

(o|r„|o) = -(o|T,,|o) = -(o|r,,|o) = P^e^ ' {o\t..\o) = o . (5.88) 

Inertial detector 

Firstly we consider an inertial detector with motion parallel to the boundary. Due to the 
isometrics of the spacetime we may consider, without loss of generality, the trajectory t — t, 
Xi = X, Xi — for I < i < d ^ I where A, the distance from the boundary, is constant. The 
transition rate contains two terms. The first one comes from the first term in the boundary 
space correlation function H5.87|l and equals the corresponding transition rate on Minkowski 
space. For a detector switched on in the infinite past this is given by H5.38|l . The second 
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term, comes from the image term in H5.87|l . and is given by 



oo 



The integral in H5.89|l can be evaluated by residues. Specialising to 4 dimensions, the total 
transition rate including the Minkowski part is found to be 

Frico) = (^-^ - ^ sin(2c.A)^ Gi-co) . (5.90) 

In figure 1^21 we plot Fr{uj)/\uj\ against |cl;|A for Neumann boundary conditions. On the 
boundary the rate is twice that in Minkowski space, while far from the boundary the rate 
becomes that on Minkowski space. For Dirichlct boundary conditions the transition rate 
vanishes on the boundary as expected. Our results agree with those in [107]. 




° 2 4 6 8 10 12 14 16 18 20 
(jo|X 

Figure 5.2: Transition rate for inertial detector moving parallel to the boundary, as a function 
of distance A from the boundary. We have taken uj < and plotted Ft{oj)/\uj\ against |w|A 
for Neumann boundary conditions. 



As on Minkowski space the response can be related to the local density of states and the 
difference from the Minkowski result can be attributed to the difference in the density of 
states. For example in the case of 4-dimensional Minkowski space with Dirichlct boundary 
conditions on the boundary we have mode solutions to the Klein Gordon equation of the 
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form Mk(x) — (4^32')i/2 e'^''"^"'"''^^^ sin{kxx). From H5.41|l the density of states is thus 

— sin^{k,x)S{\k\-uj) . (5.91) 

The integral may be done by moving to spherical coordinates, with the result 

sin(2a;a:) 
27r2 2ujx 



PBM-^{l--^^]Oi.). (5.92) 



Hence Fr{uj) = -5e(-w)ps(|cj|, x)|^=a- 

Inertial detectors with motion parallel to the boundary and switched on at a finite time 
are considered in [96,97]. 

Next, restricting ourselves to d = 4 again, we consider an inertial detector approaching 
the boundary from infinity following the worldline 

y = yo , z = zo , (5.93) 

with — 1 < u < and —oo < t < 0. We expect the response in this case to be dependent on 
proper time r, as the boundary breaks the translation invariance of Minkowski space in the 
x-direction. 

Again the transition rate is in two parts. The Minkowski part (the n = term) will lead 
again to the Minkowski space rate (|5.38|) . For a detector switched on the the infinite past 
this part reads 

FmAlo) = -^Qi-Lo) , (5.94) 

ZTT 

where Q{—uj) is a step function, and M denotes that this is the Minkowski term. The 
Minkowski term of course is independent of r. It is the image term in the correlation 
function which leads to a r-dependent result. The image part of the transition rate is 

^-(-) = -2^(^-^^)L-oj( -^-^-( (.-2.e)^-.^(.-2r)0 ' ^''''^ 
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The integral may be evaluated, using some contour arguments, in terms of sine and cosine 
integrals (see appendix 0. We find 



13 



-(-Ci(fe|w|) cos(6|cj|) - si(6|w|) sm{b\uj\) 



27r2(fe + c) 

+Ci(c|a;|) cos(c|w|) + si(c|ci;|) sin(c|w|) + 2n sm{bLj)Q{—u} j) 



(5.96) 



where Ci, si are the cosine and shifted sine integrals [106], b — 2vt / (l+v) and c — 2vt/{1—v). 

In figure [^31 we plot Fr(LL})/\uj\ against \lu\t for lu > 0, Neumann boundary conditions 
and for various values of w. We note that for a; > the transition rate is non-zero, in contrast 



-20 



-10 



Figure 5.3: Transition rate for inertial detector approaching boundary with Neumann bound- 
ary conditions and lo > 0. Fr{uj)/\uj\ is plotted against |ti;|r for v = —1/2 (lower curve near 
the axis), w = — 1/3 and v — —1/4 (upper curve). 



to the response of an inertial detector travelling parallel to the boundary, and diverges as 
the boundary is reached. For w < recall that the Minkowski part of the transition rate is 
non zero. We plot the total rate for w < in figure In both cases the response depends 
on the velocity, as expected since there is no boost isometry in the a;-direction. Further in 
both cases we may show that the divergence at x = goes as 1/t and so is weaker than 
that in the energy expectation values H5.88|l . It can also be verified that the transition rate 
dies off at r — — oo as 0(1/t'^). Further numerical evidence suggests that the divergences 
persist for a detector that is switched on at a finite time. 
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Figure 5.4: Transition rate for inertial detector approaching boundary with Neumann bound- 
ary conditions and w < 0. Ft-((jj)/|(jj| is plotted against |w|t for v = —1/2 (lower curve), 
V = —1/3 and v — —1/4 (upper curve). 



Uniformly accelerated detectors 

Consider now a uniformly accelerated detector with acceleration parallel to the boundary 
and switched on in the infinite past. We may consider without loss of generality the worldline 

t — asinh(r/a) , 

xi = X , 

xi = acosh(T/a) , 

Xi^O, 2<i<d-\. (5.97) 



The response again is in two parts. The first term in H5.87|) leads to the thermal transition 
rate an accelerated detector on Minkowski space (|5.53|l . Restricting to four dimensions, the 
boundary part of the transition rate is 

FbA^) = -iS / ^ • (5-98) 



47^' ^-oo ^" (4 (asinh(^) - zecosh(^))' - (2A)2) 
The integral can be done by residues. The result is 



PbA^) = ^ ^(a^ + A2)V2 (e^^'-^-l) sin(2waarcsinh(A/a)) (5.99) 
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which agrees with [107]. The response is thermal in the sense that it satisfies the KMS 
condition at temperature T — (2Tra)^^. In [107] the authors further show that the response 
is related to the local density of Rindler states here. 

Now let us consider the uniformly accelerated worldline H5.17(l . The acceleration is now 
perpendicular to the boundary. We begin by considering the detector switched on in the 
infinite past. The Minkowski part of the correlation function again leads to the thermal 
response ()5.53|l . The image term on worldline ()5.17fl gives 



(0|</)(r)<^(JBr')|0) = ^^^^^^ ^ , (5.100) 

where again (3 — I, {—!) labels Neumann (Dirichlet) boundary conditions. It may be argued 
by the dominated convergence theorem that the e can be dropped when calculating the 
transition rate. The geometrical reason is that the worldline and its image under Jb are 
totally spacelike separated, and so the correlation function required in the transition rate 
contains no divergences in the integration region. 

The image term of the transition rate is thus 

FM^) = r ds . (5.101) 

2.^/^ i„ (2«cosh(^))-^ 

We see immediately that this part of the transition rate is even in lu and hence the boundary 
term breaks the KMS condition (|5.55(l . In this sense the response is non-thermal and non- 
Planckian. 

Consider now the four-dimensional case. When t = we can do the integral in H5.101|l 
analytically, with the result 

FBoiu^) = r . (5.102) 

47r smh(Ci;7ra) 

For general r we may compute the integral numerically for different values of a, t and u. 
We have done this on Maple. For a = 1 we find the total transition rate (including the 
thermal part) displayed in figure Note that at many times t the image part dominates 
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Figure 5.5: Transition rate for uniformly accelerated detector approaching boundary with 
Neumann boundary conditions, for a — I, uj ^ I (upper curve), w = 1.5 and uj ^ 2 (lower 
curve). 



the Minkowski part. Further we can prove analytically that the image part of the transition 
rate is given by 

• , , BuJC0s(2tUj) ti / X -,^r,\ 

FbAl^) = ^ . , ^ + Briuj) , (5.103) 

ZTT smh(a;7ra) 

where the function Br{oj) is bounded in absolute value by ^^^^ e~^ (see appendix [nj . 
Therefore for large but finite r the image part of the transition rate is found not to tend to 
but instead is periodic in r with period tt/ojJ This is a property only of the transition 
rate of a detector which is turned on in the infinite past. 

Considering now a detector switched on at finite time tq (which recall is the more realistic 
situation) . The image part of the transition rate is given by (|5.101|l with the upper limit of 
the integral replaced by t — tq. In figure IST^ we plot this image part of the transition rate 
only, when the switching of the detector is instantaneous for, ro = — 15, a=l and lo — 1. 
We see that when the detector is switched on only for a finite time the transition rate is 
periodic for some time however falls off to the usual thermal response at late r. In appendix 
|n]we present an analytic proof of this, i.e. that the boimdary part of the response vanishes 
in the limit as r — > oo when the detector is switched on at a finite time. 

Recall that in the case of instantaneous switching it was found that even for the inertial 



^In appendix |n]wc prove that for arbitrary dimension the image part of the transition rate consists of ; 
term periodic in r with period tt/lu plus a term bounded in absolute value by (constant)e 2a 
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Figure 5.6: Image term of the transition rate of a uniformly accelerated detector approaching 
the boundary with Neumann boundary conditions for a detector switched on at tq = —15, 
for a = 1, Lo = 1. 

detector in Minkowski space the response function includes a logarithmic divergence [79]. 
The transition rate however, although altered from the infinite time case, is finite for all non- 
zero finite time detections. Further in [81] it was shown that the divergence in the response 
rate is due to the instantaneous switching: if the detector is switched on smoothly, no 
divergence occurs. It is interesting then to briefly investigate the effect of smooth switching 
on the results obtained above. We introduce therefore a smooth window function in time r 
into the transition rate H5.11|l . that is we consider the rate 

FrM^2 dsW{s,T-To)Re{e-'^^0\^{T)^{T-s)\0)) , (5.104) 
Jo 

where W{s, t — tq) is a smooth window function with characteristic length t — tq, ie W{s, t — 
tq) ~ 1 for s « T — Tq and W{s, t — tq) sa for s >> r — tq. In particular we consider 
exponential and Gaussian switching functions 

Wi{s,T~To) = e"^ , (5.105) 
W2{s,T~To) = e~2(.-n,)- . (5.106) 

The effect of these window functions on the response of a uniformly accelerated detector in 
Minkowski space was investigated in [82] . Here we will only consider the effect on the image 
part of the transition rate on Minkowski space with boundary. Substituting the image term 
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l|5.1UU|l and one of the window functions (|5.1U5|) . H5.106|) into the transition rate (|5.1U4|I . we 
may calculate the integral numerically. In figures 15.71 and 15.81 we plot the transition rate in 
4-dimensions for a sample of the parameters and with exponential and Gaussian switching 
respectively. The numerical results suggest that in all cases of finite time detection the 



Figure 5.7: Image term of the transition rate of a uniformly accelerated detector approaching 
boundary with Neumann boundary conditions for a detector switched on at tq = — 15 with 
an exponential switching function, for a = 1, w = 1. 



Figure 5.8: Image term of the transition rate of a uniformly accelerated detector approaching 
boundary with Neumann boundary conditions for a detector switched on at tq = — 15 with 
a Gaussian switching function, for a — I, lo = I. 

image part of the transition rate tends to as the detection time tends to infinity. That 
is, the transition rate tends to that on Minkowski space in this limit, as expected as in this 
limit the detector recedes infinitely far from the boundary. It is an interesting result that 
this was not the case for a detector switched on in the infinite past. 
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5.4.4 Conical singularity and generalisations 

In this section we consider the response of a uniformly accelerated detector following tra- 
jectory H5.17|l on the quotient space of Minkowski space under the group generated by the 
involution ■ (t, x, y, z) i— > (t, —x, —y, z). Further we consider the higher dimensional gen- 
eralisation of this spacetime constructed as the quotient of d-dimensional Minkowski space 
under the involution Jc^ : {t, xi, X2, ■ ■ ■ Xd-i) ^ {t,-xi,-X2, - ■ ■ ■ - Xk, Xk+i, ■ ■ ■ , Xd-i) 
where 1 < k < d. For reasons discussed later the response on these higher dimensional 
spaces will be relevant when we consider the response of static detectors on the MJP^ geon 
in section IFTI and inertial detectors on RP'^ de Sitter space in section 

These spacetimes are conifolds [109,110]. As quotients of Minkowski space under an 
involution with fixed points they are flat away from these (d— fc)-dimcnsional hypersurfaces 
of fixed points but may be considered to have a distributional curvature on them (see 
e.g [111,112]). The spacetime M/Jc2 is sometimes referred to as a conical spacetime as 
it has a conical singularity at xi — X2 — 0. Transforming to cylindrical coordinates by 
xi — r cos (j), X2 — r sin (f), the isometry takes the form Jc^ '■ {t, r, 0, X3, . . . Xd~i) <-* {t, r,(j) + 
TT, xs, . . . , Xd-i) and the metric reads 



where dr^ + r'^dip^ with the identification (r, cj)) ^ (r, </) -f tt) is the metric on a cone with 
deficit angle tt. In 4 dimensions AI/Jc.^ may be considered as the spacetime outside an 
idealized, cosmic string with "gravitational mass per unit length" fi — 1/8 (see [113]). 

First we note that for an inertial or uniformly accelerated detector whose motion is in any 
direction Xi with k < i < d, the response on these spacetimes will be the same as that of a 
detector at rest or accelerating parallel to the boundary on Minkowski space with boundary 
(where A in (|5.90|) and (|5.99|) is now given by the shortest distance of the detector to the 

1 /2 

hypersurface of fixed points A = {{xi)'^ + (2:2)^ + • ■ ■ + (a^fe)^) ). This can be clearly seen 
by directly comparing the correlation functions in both cases. 



ds^ = dt'^ - dr^ - r'^dcj)'^ - {dxs)^ 



[dxd-iY , 



(5.107) 
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Consider now a particle detector uniformly accelerated with trajectory H5.17|l in the 
spacetime M/ J^^. ■ Again as Jc^. is an involution the correlation function consists of two 
terms, 

(O|(^(t)0(t')|O) = (O|0(r)0(r')|O) + /?(O|(/.(t)0( J,,r')|0) , (5.108) 

where /? = +1, (—1) label the two possibilities for the representations of the group in the 
automorphic field expansion H5.72|l . Consider first a detector switched on at tq — —oo. The 
first term, when substituted into the transition rate (|5.77() on the worldline (|5.17() . leads to 
the thermal response in Minkowski space (|5.53() . The image term is 



Pm{r)cj^{J,ym = ™l J— , (5.109) 

where Cfc = X]m=2(2^m)^- trajectory and its image are totally spacelike separated 

we have dropped the regularization in the above expression. The transition rate for this 
part is then 

l3T[d/2-l] r°° cos(u;5) 

/o * (4a2cosh2(2i_£)+Cfe)' 



Fj^(^) = ' / ds ^ — JTTT ■ (5.110) 



(|5.11U|) is even in uj and so the image term breaks the KMS condition and the response 
is non-thermal and non-Planckian. Further with a similar calculation to that of appendix 
|n]we may prove that (|5.11U|I consists of a term periodic in r with period tt/uj and a term 
which decays exponentially as t — > oo. The qualitative behaviour is therefore similar to that 
of the uniformly accelerated detector on M with boundary, investigated in section l5.4.3l As 
in section 15.4.31 it can be shown also here that for a detector switched on at tq > — oo the 
image part of the transition rate tends to as r ^ oo. 

For a detector that accelerates towards the surface of fixed points of the involution, that 
is in the direction r = {{xi}^ + {x2)'^ + • • • + (xfe)^)^/^^ ^^j^g response is identical to that 
on Minkowski space with boundary with acceleration perpendicular to the boundary. In 
sections IETtI and we shall plot ()5.110|l for some specific values of d and k numerically. 
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We end this section with a comment on more general cosmic string spacetimes. The 
methods used above could be easily applied to a larger class of idealized cosmic string 
spacetimes for which the metric is (|5.1U7f) . with the identification (r, 0) ^ (r, (jj + n/n) where 
n e Z (and thus a deficit angle of 7r(2 — 1/n)), as in these cases the correlation function may 
be given by a mode sum. Detectors with motion parallel to such cosmic strings have been 
considered by [114,115]. Their main conclusions, which agree with ours here where they 
overlap, are that the detector does respond to the presence of the string in a manner which 
depends on its distance from the string. Our results above and in the previous subsection 
add to the discussion, as we have been able to show the behaviour of detectors when motion 
is perpendicular to the string for the specific case of n — 1. Numerical evaluations of the 
transition rate for any n could be done in a similar way, but we shall not pursue this further 
here. It is important to note however this class of cosmic strings does not include realistic 
cosmic strings of the GUT scale where the deficit angle is « 10~^. 

5.4.5 Scalar detector on M 

Finally let us consider M_. Recall that M_ is a quotient of Minkowski space (or of Mq, 
it being a double cover of Af_) under the map J_ : {t, x, y, z) i— s- {t, —x, ~y, z -\- a). Again 
we may use the method of images to find the correlation function for the automorphic field, 
with the result 

{Q\mkr'm = 5](0|</>(r)^(J_r')|0) . (5.111) 

nez 

The transition rate is given by (|5.77|) . 
Inertial detector 

Considering a detector following the inertial trajectory (|5.93|) . The transition rate may again 
be split into two parts. The first comes from the Mq part in the image sum (the even n 
terms in (I5.111|) ') and will lead to the same response as on Mq (|5.84|I . The other part (due 
to odd n terms in (|5.111|) ^ is similar to the boundary part of such a detector on M with 
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boundary, giving in the transition rate the contribution 



1 

2^ 



OO 



1 




Cn + B; 



{^Ci{Bn\uj\)cOs{Bn\uj\) 
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n— — oo 



si(B„|tj|)sin(B„|cj|) + Ci(C„|t^|)cos(C„|w|) + si(C„|cj|)sin(C„|tj|) 



+2n sm{BnUj)e{-u} j) , 



(5.112) 



where 



B, 



'n — 



'n 



-W + [l&T^v^ + 4(1 - v^f{{2yof + {2na + af)f'^ 
2(1 -i;2) 

+W + {\&T^v^ + 4(1 - v'^f((2yQf + {2na + af)f'^ 
2(1 -t;2) 



(5.113) 



(5.114) 



In contrast to the analogous result on with boundary, there is no divergence here 
at a; = as there is no obstruction there and the inertial detector on M_ carries through 
x = smoothly. Note that on 7\f_ the energy-momentum tensor expectation values are 
finite over the whole spacetime (see e.g. [22] or the massless limits of the results found in 
section |4. 2. 2(1 . while on M with boundary they diverge at x = 0. For lj > the Mo part of 
the transition rate vanishes while the image part is odd in r. Further, numerical evaluations 
of the sum indicate that it is non-zero. Here therefore we have an example of a spacetime 
and trajectory with no pathologies at all where the total transition rate is negative for some 
values of proper time r. The response depends on the velocity as tdx + xdt is not a Killing 
vector on 

Uniformly accelerated detector 

Consider a detector following the uniformly accelerated worldline (|5.17|) . Again the correla- 
tion function is in two parts. The part coming from the A/q part of the image sum is given 
by the corresponding response on A/q f H5.86|l with 77 = —1). This part satisfies the KMS 
condition and so in this sense is thermal. The "image" part is then somewhat similar to the 
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boundary part found in the case of M with boundary. The transition rate for this term is 



where yo is the y coordinate of the detector. As on Minkowski space with boundary this 
image part of the transition rate is even in lu and so breaks the KMS condition. The 
transition rate is thus non-thermal and non-Planckian. With a similar calculation to that 
done in appendix [HI we find 



where c„ = 2a^ + Ay^ + (2na — a)^, and each _B„^^(cj) is bounded by l/(27r^Q!)e~^'^/". 
Further we show in appendix [HI that the sum of Bn^T-i'^) over n is bounded by a function 
which exponentially decays as t — > cx). We see as with the detector on M with boundary 
for large r the response becomes periodic in r with period tt/w. 

We may investigate the general case here numerically. An analytic result is easy to find 
in the case when r = 0, with the result 



For a detector switched on instantaneously at a finite time tq > — oo an analytic calcu- 
lation (see appendix ini shows that the difference between the response on Af_ and that on 
Mq dies off as T ^ oo, as would be expected far away from x — Q. It is an interesting point 
that this is not the case for the detector switched on the infinite past. 

This clarifies and adds to the discussion on particle detectors given in [22]. 




(5.115) 




(5.116) 




(5.117) 
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5.5 Causal detector with non-linear coupling 

In this section we extend the detector model to non-hnear couphngs. The aim is to see 
whether the formahsm adapts easily to this case. The non-linear case is also interesting in 
that it is a step towards the Dirac detector considered in section 

5.5.1 Minkowski space 

The detector model is similar to that section 15 . 31 except in that the interaction Hamiltonian 
is taken to be 

i/i„t = cm(r)0"(T) , (5.118) 

where n is an integer greater than 1. Again we assume the field is in its ground state and 
detector in a state with energy Eq at r = tq, and we seek the probability that the detector 
is found in state \Ei) at later time ri > tq. This probability is found to be, to first order in 
perturbation theory 

Y,\{i^,E,\0,Eo)\' ^ c^m\mmEo)\' H dr T dr'e— (O|0«(r)0"(r')|O) , 

^ J To J To 

(5.119) 

with u = El — Eq. The response function is 

Frioj) = r dT I 'dT'e-*"(^-^''(O|0"(T)0"(r')|O) , (5.120) 

J To J To 

and the transition rate is given by 

Fr{uj) = 2 dsi?e (e-'"^(O|0"(r)<?!)"(T - s)|0)) , (5.121) 
Jo 

where we have used the property (0|(/)"(t')(/)"(t)|0) = {0\(f>" {T)(j)'^ {t')\0)* , which follows from 
(j) being a self adjoint operator, and have taken tq — — oo and ti — r. Finite time detectors 
are easily considered by changing the upper limit in H5.121|l to t — tq . 

For this non-linear coupling there are added issues not present in the linear case due to 
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the interaction Lagrangian involving the product of the field taken at the same point. As 
a result the usual field theoretic divergence here must be dealt with in a suitable manner. 
We explain here the procedure on Minkowski space. The additional subtleties that arise 
for automorphic fields will be addressed in section 15.5.21 fsee [108] for a discussion on this 
point). 

Instead of the interaction Hamiltonian (|5.118|l . we are in fact led to consider a normal 
ordered version, Hint = cm{T) : (j>"{T) :. Then in (|5.121|l (O|0"(t)(/)"(t')|O) is replaced by 
(0| : (I>"'{t) :: 0"(r') : |0) and by Wick's theorem we obtain 

(0| : 0"(t) :: ^"(r') : |0) = n!(O|0(T)0(T')|O)" . (5.122) 

Alternatively using the original Hamiltonian H5.118|l we are also led to (|5.122|) by expanding 
the 2n-point function in terms of 2-point functions and replacing any divergent quantities 
with their renormalized expectation values, such as replacing (0|(/)'^(a;)|0) with (0| : 4>^{x) : 
|0). These renormalized expectation values vanish on Minkowski space. 

Putting (|5.122|l into H5.121|) . we are led to a very similar expression for the transition 
rate as in the linear case. Further it is clear from a direct calculation that if we consider 
the uniformly accelerated worldline and the usual correlation function H5.15|) in H5. 12211 we 
obtain a r-dependent expression. Further a numerical evaluation of the transition rate for 
n = 2 shows that the transition rate is also r-dependent even in the e limit. We see 
no reason why this would not also be the case for general n. This suggests that as for the 
linear coupling we need to seek out a different regularization of the correlation function. We 
therefore consider a smeared field operator H5.19|l in the interaction Hamiltonian (|5.118() . 
The transition rate is still given by (|5.121l) but now (/i(t) is the smeared field operator, 
and we are led to an expression analogous to (|5. 122(1 with no added complications due to 
the smearing. The transition rate therefore depends on (O|0(t)0(t')|O) and so using the 
smeared field operator (|5.19|l with the Lorentzian profile function H5.21|l we are clearly led 
to the regularization H5.34|l for this correlation function. 

Consider again a uniformly accelerated detector. We have already seen that Schlicht's 
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correlation function on this worldline is given, for d > 2, by H5.51fl . Substituting H5.51|l into 
transition rate ()5.121|l we obtain 

Friio)^ (- 'il l n!lim H ds "—^ (5.123) 

\ ^'i-^4nr/^J .^oJ_^ («sinh(^)-*6C0sh(^))"('^-'^ 

The integral may be performed by contour methods (see appendix B). The result is 



J •2'^-2p[^]Q,m-l 

+ a^uj'^] m even 

(5.124) 



je^) nlrr'^^' ((t - if + "^-^) - odd 



where m ~ ji(d—2), and for 77i ~ 4 the product over I is set to 1. The response is independent 
of T and satisfies the KMS condition H5.55|l at the temperature T = (^-ko)^^ . It also contains 
the expected statistics inversions for different values of dimensions and couplings and agrees 
with the literature (e.g [74]). 



5.5.2 Automorphic fields 

For the non- linearly coupled detectors on quotients of Minkowski space, we consider detectors 
coupled to automorphic fields in Minkowski space as in section We specialize in this 
section to the case n — 2 (though the case of higher order will follow in an analogous way) . 

The automorphic field is defined as previously by 

k^) - ^ Y.v{l)'i>{l'^^) ■ (5.125) 

(E,erP(7)2) 

We consider a monopole detector coupled to the automorphic field via the interaction Hamil- 
tonian 

Hint = cm(r)02(r) , (5.126) 
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with 

m = j d'-'UiOk^ir^O) , (5-127) 

where ^ has the same meaning as in the previous sections. FoUowing the arguments of the 
previous sections, the transition rate is found to be 

Fr{uj)^2j^ dsRe(^e'''^'{0\$^{T)cj)^{T~s)\0)'^ . (5.128) 

We need to address the infinities in H5.128() . We first note that (|5.125|l . H5.127|l and the 
usual expansion of the Minkowski field operator (j) in terms of annihilation and creation 
operators leads to Wick's theorem for (j) in the form 

{0\${Ti)4>{T2mTSir4m = (O|(^(ri)0(T4)|O)(O|0(T2)0(r3)|O) 

+ (0|<^(Tl)(^(r3)|0)(0|(^(T2)<^(T4)|0) 

+ (O|<^(ti)(^(t2)|O)(O|0(t3)<^(t4)|O) . (5.129) 

Setting Ti = T2 = T and T3 = T4 = r' yields 

{0\4>Ht)$'{t')\0) = 2(O|0(r)0(r')|O)2 + {0\^^{t)\0){0\$^{t')\Q) . (5.130) 
The divergent term in (|5.130|) is the second term. 

We remove the divergence by normal ordering the interaction Hamiltonian Hint = cTO(r) : 
4>^(t) : with respect to the Minkowski vacuum. This renormalization procedure is equiva- 
lent to subtracting off the divergent Minkowski terms. In (|5.130|l (O|0^(T)0^(r')|O) is thus 
replaced by 

(0| : $\t) :: ^'{r') : |0) = 2(O|0(r)0(r')|O)^ + (0| : ^^(r) : |0)(0| : $\t') : |0) , (5.131) 
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where 

(0|:<^2(r):|0) = (0|,^2(r)|0) - (O|0^r)|O) , 

= lim [(O|<^(t)0(t')|O) - (0|^(t)</)(t')|0)] , 

r — >T 

- E p(7)(O|0(t)0(7-V)|O) . (5.132) 
7er\{7rf} 

In the last equahty in (|5.132() we have used the method of images expression (|5.74|l for the 
correlation function of the automorphic field. 



Consider now, as an example, a uniformly accelerated detector, following the trajectory 
(|5.17|) . on 4-dimensional Minkowski space with boundary at x = 0. We have already seen 
in section 15 . 4 . 31 that the two point function in this case takes the form 

(O|0(t)0(t')|O) =--i^ +^L^^ Jr^TTT ■ (5.133) 



Further from (|5.132|l we have 



167r2a^ cosh^(i^ 



where the e — > limit has been taken before doing the transition rate integral as can be 
argued by the dominated convergence theorem. Substituting (|5.133|l and H5.134|l into H5.131|l 
and then (|5.128|) we have a transition rate with 4 terms. The first term comes from the 
Minkowski parts of the image sum and so leads to the usual thermal spectrum. The other 
three terms however break the KMS condition leading to a non-thermal response, due to 
the presence of the boundary. We shall not discuss the calculation further here. For more 
details of the response function for finite time observations in this case see [108]. 
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5.6 Causal detector for the Dirac field 



5.6.1 Minkowski space 



In this section wc extend the causal detector to the massless Dirac field in 4-diniensional 
Minkowski space. The detector is still a many-level quantum mechanical system with free 
Hamiltonian Hjj- However now the detector moves through a massless Dirac field tjj (with 
free Hamiltonian H^) in Minkowski space to which it is coupled via the interaction Hamil- 
tonian 

ifint = cm{T)'tP{T)i;{T) , (5.135) 

where -tjj = V'^7°) and tp{T) = iI){x{t)). The equation of motion for the free field ip is the 
massless free Dirac equation i'y^dfj^tjj = 0. We choose a basis of solutions and expand the field 
in terms of this basis. We work throughout with the standard representation of 7 matrices, 



(5.136) 
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where cTj are the Pauli matrices, ci = (5q),c72 = (° q') and (73 = ( J _?i ) • Then 



V'(i,x)= 
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(2(27r)3)5 
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(5.137) 
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UJ 
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(5.139) 



with k± = kx ^ iky. The modes m the expansion H5.137|l are expressed in terms of a stan- 
dard Minkowski vierbein, ahgned along Minkowski coordinate axes, and they are suitably 
orthonormal with respect to the usual Dirac inner product in Minkowski space, 



(5.140) 



The free field is then quantized in the usual manner, imposing the usual anticommutation 
relations on the annihilation/creation operators. 



{6,(k),6^,(k)} =<5,,,(5(k-k') , 



(5.141) 



and similarly for the d operators, with all mixed anticommutators vanishing. 



We assume again that at time tq the full interacting field is in the product state |0, Eq) = 
|0)|-Bo). Working in the interaction picture we find, to first order in perturbation theory, 
that the probability that at a later time ti > tq the detector is found in state \Ei) is 

^|(*,£;i|0,i?o)P = c'\{E,\mmEo)\' r dr r dr'e-^'^^^-^'^ 

jj, J To J To 

x{0\rP{T)i:{T)i^{T')i;{T')\0) , (5.142) 



with u! = El — Eq. Once again we shall concentrate on the response function part. With 
the same change of coordinates as in section FS.H.ll this part may be written as 



Ti PU-TO 

du I 

TO Jo 



Fr^^To{^)=2j du j dsRe{e-"^'{Q%lj{u)'iP{u)^{u- s)%Ij{u- s)\0)) . (5.143) 
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We have used the relation (O|V'(t)-0(t)V'(t')V'(t')|O) = (O|?A(t')'0(t')V'(t)V'(t)|O)* , which 
foUows from the axioms of inner products and (^(r')'i/;(T'))^ = '0(r')'0(r'). FinaUy, as in 
the scalar case, we let the detector be switched on in the infinite past and differentiate with 
respect to ri = r to get the transition rate, with the result 

/>oo 

Fr{uj)^2 dsRe{e-''^^0\i!{T)tP{T)tP{T - s)tP{T - s)\0)) . (5.144) 

"'0 

Further here we find 

(0|V;(r)V(r)V;(r')^(r')|0) - Tr((5+ (r, r'))^) , (5.145) 

where Tr is the trace and S^,j{t,t') = {0\'iP{t)iP{t')\0) is the positive frequency Wightman 
function which is related to the positive frequency scalar Wightman function by (see e.g [1]) 

S+iT,T')=Zj''d^GUT,T') . (5.146) 

To prove expression H5.145|l a straigtforward, but rather messy, calculation was used where 
the expansion of the field (|5.137() was substituted directly into the correlation function 
(O|'0(ri)-!/)(T2)V'(T3)-!/'(r4)|O) and use was made of the anticommutation relations (|5.141l) . 
setting Ti — T2 ^ T, = T4 = t' at the end. We note here that all expressions for the 
response are independent of the vierbein used to express the ?/; field. This is due to the form 
of iJint (|5.135|l which is a Lorentz scalar. In the case of a massive Dirac field in Minkowski 
space H5.145|) contains a second term proportional to Tr(S'^^(r, r'))Tr(5^j(r', r)). Here in 
the massless case this term does not enter as Tr(S'jJ"j(r, t')) = for any worldline. 

Consider the uniformly accelerated worldline (|5.17|l . Again a numerical calculation shows 
that if we use the usual correlation function, i.e. with the ie regularization, for the scalar 
field (|5.15|l in the expressions above we will get a r-dependent result for the transition rate 
(|5.144|l even in the e ^ limit. We are thus led once again to consider an alternative setup 
where we use a smeared form for the field operator in the interaction Hamiltonian. That is 
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we consider 



(5.147) 



with the same definitions for M^e(C) and ^ as in section l5.3.1l In contrast to the scalar case, 
here we include S(t,^), which is the spinor transformation associated with the transforma- 
tion from the Minkowski vierbein to one adapted to the Fermi- Walker coordinates. However 
we may now argue that in this case ^(r, ^) may be dropped. Firstly we note that the metric 
written in Fermi Walker coordinates is [25] 



Constant r spatial sections are therefore flat. It then follows that the transformation from 
Minkowski vierbein to that adapted to these Fermi coordinates will be independent of ^, 
as Fermi Walker transport along these spatial sections in a non rotating vierbein will be 
trivial. It therefore follows that S{t, ^) may be taken outside the integral in H5.147|l . Further 
it follows from the form of Hint H5.135|l that as S may be taken outside the integral it may 
be dropped completely. Therefore on M we may work throughout with expressions written 
with respect to the standard Minkowski vierbein and with 



as the expression for a smeared field operator. By arguments similar to those that lead to 
H5.144|l and H5.145|) the transition rate is again given by 




(5.148) 




(5.149) 




(5.150) 



and we find 



(0|V;(T)^A(T)V;(r')V^(r')|0) =Tr((0|V(T)V;(T')|0)2) , 



(5.151) 



where iP{t) is now the smeared field (|5.149|l . 



127 



5.6 Causal detector for the Dirac field 



Chapter 5: Particle detector models 



Now suppose we consider again the Lorentzian profile function 

1 e 



7r2 (^2 4^ £2)2 

Tlie spinor correlation function is then given by 



(5.152) 



(0|V(t)^(t')|0) 



2(27r)3 ^ 

X / d3^M^^(0e-*^(^'«) / d=^C'VK,(C')e*='^'''*'^ • (5.153) 



The integrals over ^ and ^' in H5.153|l are the same as those in H5.24|l . Proceeding as with 
(|5.24f) . we thus have 



2(2.)3 

Further from (|5. 138(1 we have 



■iuj{t—t — 'i€(i+i'))+'ik(x— X — z€(x+x')) 

(5.154) 
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If we now compare ((5.154|l with the scalar field expression ((5.33|l . with d = 4, we find we 
have 

SlA^.r') = (0|V'(t)V;(t')|0) = »7'^a^(O|<^(r)0(r')|O) , (5.156) 

where (O|0(t)0(t')|O) is the scalar field correlation function H5.33|l and the partial derivative 
acts on the (t,x) but NOT on the (i,x). Therefore we find, from 1(5. 34|) . that the spinor 
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correlation function is given by 



47r2 [P _ ^2 _ p _ ^2]2 



2t 
2t 

2z ^'2{iy — x) 
2{iy + x) -2z 



—2z 2{iy — x) 
-2{iy + x) 2z 
2i 
2t 



, (5.157) 



where d = (a(T) — o,{t') — ie{a{T) + a(T'))). From this it is easy to show that 



Tr(5+ (r,r')^) 



7r4 ((< _ <' - ie{t + t')Y - (x - x' - it{-k + x'))2)3 



(5.158) 



Inertial detector 



First we consider the response of a Dirac field detector following the inertial worldline H5.93|l 
in Minkowski space. From (|5.158|l . 15.150(1 and ((5.151(1 the transition rate is found to be 



lim / ds ■ 



(5.159) 



The integral can be done by residues, with the result 



U! 



607r3 



(5.160) 



Consider also the "power spectrum" of the Dirac noise as defined by Takagi in [31]. The 
noise g{T, r') is defined by 



g{r,r') = S{r)SUr,r')S{r')-' 



(5.161) 



where S{t) — S{t,^) as given in ((5.147(1 . S{t) is the spinor transformation which takes 
care of the Fermi- Walker transport so that S{t)iJ;{t) does not rotate with respect to the 
detector's proper reference frame. The definition for the power spectrum on a stationary 
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worldline, where S'^{t, t') depends on r and r' only through t — t', is 

Pico) = -Tr7° / dre-'^^giT) . (5.162) 

^ J — oo 

On the inertial trajectory H5.93|l . the transformation to the Fermi frame is trivial and we 
find 



27r2 {s - 2ze)3 

= ^e(-^). (5.163) 

We note that the power spectrum is —uj times the transition rate for the linearly coupled 
scalar field detector following the same trajectory. 



Uniformly accelerated detector 

Considering once again a detector following the uniformly accelerated worldline H5.17|l . We 
find, as expected, that the correlation function is invariant under translations in r and the 
transition rate (|5.15U|I is given by 

FJu) = J lim / ds ^ ^ . (5.164) 

64^4,_oy_^ (^sinh(^)-iecosh(^))' 

The integral may be done by contour integration f appendix ID|) . The result is 

^-("^ = 60^3^4 (e^^^" - 1) + + ■ (^-^^^^ 

The response is thermal in the sense that it satisfies the KMS condition at the temperature 
T = (27rQ!)~^. It is interesting to note that there is no fermionic factor in the response, 
instead we have the usual Planckian factor found in the scalar case. 

We can see the fermionic factor appearing however if we consider the power spectrum 
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H5.162|l of the Dirac noise. For the uniformly accelerated worldline we have 



Sir) = cosh ( — j - sinh (— j , (5.166) 



and the power spectrum (|5.162|l is given by 



^ 



oo 



P(uj)^ ^ dr ^. (5.167) 

16^^ i-^^ (asinh(^)-z.cosh(^))^ 

Again the integral may be done by contour integration to give 



27r (1 + e^'^°"^) 



P{oj) = —1 -4°^ . (5.168) 



Our expression here agrees with that found by Takagi [31]. The power spectrum therefore 
does include the expected fcrmionic factor. 



5.6.2 Dirac detector for automorphic fields 

Next we wish to consider this fcrmionic detector on Mq and M_ and in particular address 
the issues concerning spin structure on A/_ . We consider an automorphic Dirac field on 
Minkowski space. The main difference from the scalar case is that we must take care of 
what vierbeins our expressions are written with respect to. In particular our vierbein might 
not be invariant under the quotient group F. 

We begin with a massless Dirac field ip on M, expressed with respect to a vierbein that 
is invariant under F. The automorphic field is then defined by 

^(^) = 7 ^ 7172 E^^(^)^(^"'^) ' (5.169) 

where the normalization is such that, at equal times, 

|Via(a:),'(/i^(a;')| = (J^'^^^Hx - x')(5q/3 + image terms . (5.170) 
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The two-point function for the automorphic field is then given by the method of images, 

S+/^ix,x') = (0|^(x)^(x')|0) = ^p(7)(0|^(x)^(7-^x')|0) . (5.171) 

We consider a detector coupled to the automorphic field via the interaction Hamiltonian 

-ffint = Cm{T)MT)lP{T) , (5.172) 

where 

i'ir) - J d^(W,{OS{r,Oi'{x{T,0) ■ (5.173) 
The transition rate is given by 

Fr{uj) = 2j^ dsi?e (e"'"' (0| V'(T)Vi(r)V3(r - s)V;(t - s)|0)) . (5.174) 

Further we may show, with a calculation similar to that leading to (|5. 145(1 and 1(5. 151(1 , that 

(0|^(T)V;(r)V^(T')^(T')|0) =Tr((0|V3(T)^(r')|0)2) , (5.175) 

with 

(0|V'(T)^(r')|0) = ^p(7)(0|^(r)V;(7"'T')|0) . (5.176) 

7er 

Therefore the method of images may be directly applied to our Minkowski space correlation 
functions here. 

It is important to note that the above mode sum expressions are changed when consid- 
ering a vierbein not invariant under the action of F. Suppose we consider two vierbeins, 
one invariant under F (labelled by an /) and another not invariant (labelled by N). In the 
vierbein / the automorphic field is given by the mode sum expression 1(5.169(1 . The transfor- 
mation from I to N will transform the spinors as ipi{x) — > ipNix) — S{x)ipi{x). Then from 
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Mx) - 5]p(7)^(x)V/(7"^x) , (5.177) 

and hence the mode sum expression for the automorphic field in terms of the non-invariant 
vierbein is 

Mx) = -y^ ^p(7)5(x)5-i(7-^a.)V'iv(7"'^) • (5.178) 

Similarly the two-point function tranforms as 

'^/Af/r(^'^ ) ^ ^NM/r(^'^ ) ~ ^{x)S^^j^Yi^'^ )^ ^(^ ) • (5.179) 

From IjS.lTlfl . the mode sum expression for the two point function in terms of the non- 
invariant vierbein is hence 

S+,,/Ax,x') = ^p(7)5(x)(0|V/(a;)V:;7(7-^x')|0)5-i(x') , 

= ^p(7)(0|V^(x)V;^(7-^x')|0)5-i(7-^x')^-^(x') . (5.180) 

We have seen explicit examples of this in sections 14.3.21 and 14.4.21 and on the MP^ geon in 
section 

In sections 15.6.31 and 15 . 6 . 41 we shall work throughout in vierbeins invariant under Jo and 
J- respectively. 



5.6.3 Dirac detector on Mq 



Consider now Dirac field theory on Mq as an automorphic field theory on M where expres- 
sions are written with respect to the standard Minkowski vierbein. From ()5.176|l the Mq 
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correlation function is given by 

^Mo(^'0 = E^"^M(^,^o(r')), (5.181) 

where 77 = 1, (—1) labels spinors with periodic (antiperiodic) boundary conditions. We 
therefore find an explicit expression for 5^j^(t, t') from (|5.181l) and (|5.157|l . As we work 
throughout in the standard Minkowski vierbein here, writing the smeared field operator as 
in l|5.173l) , we may again argue in an analogous way to in the previous section that the spinor 
transformation S{t, ^) can be dropped here. 



Inertial detector 



First consider a Dirac detector following the inertial worldline (|5.93|l on Mq. The power 
spectrum (|5.162|) for the noise is foimd to be 

^ + 2 E £^ sin(2nwa) j e{-uj) . (5.182) 

As on Minkowski space the power spectrum is —lo times the transition rate of the linearly 
coupled scalar field detector following the same trajectory ()5.83|l . The summation thus may 
be performed to give —ui times H5.84II and (j5.85|l . 

For the transition rate we find 

The n = 0,m — term gives the transition rate on Minkowski space (|5.160f) . The integral 
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for other terms may be done by residues, with the result 



— E 



S2n ^ (m — n)(m + n)^a^ 

n.m— — oo ^ ^ ^ ^ 



5 smiZuina 

(n + 3m) . 
^5 smfzwmaj 



/ 2Lomi 
\ m 



/ 2m(jja 



2Lua I cos(2ti;ma) 



2Lua I cos(2a;na) 



(5.184) 



where the n — m and n = — m terms are understood in the limiting sense and can be verified 
to be finite. As expected the response does not depend on the velocity. 



Uniformly accelerated detector 

Next consider the power spectrum for the Rindler noise, that is we consider ^(t, t') on the 
uniformly accelerated worldline. From ()5.162|l we find 



Pico) 



167r2 



drY: 



^n^-iujT ^Q,ginh(^) _iecosh(2^)) 
i ((a sinh (^) - ie cosh [naf) 



(5.185) 



The contributions to the integral from each term in the sum may be calculated separately 
by contour integration. The result is 



P(c.) = 



1 (^^+4^) 

27r (1 + e^'^"'^) 
77" 



\ (1 + e^'^"'^) 



Q^ii?a? cos f2cjaarctanh A" " ° +" ° ) — 



+ 



a3(a2n2a2 + „4^4)i/2^ g^^^ (2o^aarctanh ( ^"'"Xt."^^' 
27r (^^5:^5^) (2n6a6 + 4n4o4a2 + 2n2a2a4) 



(5.186) 



where again 77 labels the spin structure. We see that the power spectrum is dependent on the 
spin structure. The n = term in H5.186|l agrees with the Minkowski space power spectrum 
()5.168|l as expected, and both the n = and n > terms in ()5.186|l contain the fermionic 
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factor. Note that no simple relation holds between the power spectrum (|5.186|l and the 
transition rate of the linearly coupled scalar field detector H5.86|) . in contrast to the relation 
we observed on the inertial worldline. 

For the transition rate of a fermionic detector on Mq we have 

/•oo 

Fr{Lo)^2 dsRe{e-''^'TT{S+^^{T,T-sf)) . (5.187) 
Jo ° 

We may evaluate (|5.187|l on the uniformly accelerated worldline by substituting the worldline 
into (|5.181|l and (|5.156|l . It is easy to show that the n = term leads to the transition rate 
found on Minkowski space (|5.165|l as expected. The evaluation of the other terms is not so 
straightforward as the residues are not so easy to calculate. We shall not present the result 
here. 

5.6.4 Dirac detector on M_ 

On A/_ we can again build expressions from those on AI (or Mq) via the method of images. 
The transition rate is given by 

Fr{iu) = 2j^ dsRe(e-''^'Ti[slj_{T,T~sfy) , (5.188) 

and 

5+_(t,t') = 5+,(r,r')+p^+„(T,J_(T')) , (5.189) 

= Y.p''St,{r.J-{r')) , (5.190) 

nez 

where S'^j^(r, r') and S^,j{t,t') are written in terms of a vierbein which rotates by 27r in 
the {x, y) plane as z i— > z + 2a (i.e. the one spin structure on Mq compatible with the two 
on A/_). p = 1(— 1) labels spinors with periodic (antiperiodic) boundary conditions on Af_ 
with respect to this vierbein. That is p labels the two possible spin structures on A/_. 

Now on A/_ our main question of interest is whether or not our detector can distinguish 
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the two possible spin structures. As we saw in section ll.3.2l the stress tensor for the massless 
spinor field in M_ 14.41|) has non-zero shear components, {0-\Txz\0-) and (0_|Tj^2|0_), 
which change sign under a change of spin structure. It is therefore conceivable that a 
detector with a non-zero z-component of angular momentum could detect the spin structure. 
However as the relation between (0_|r^y|0_) and the detector response is not clear it is not 
possible to tell in advance whether or not our detector model will be sensitive to the spin 
structure. 

We consider therefore a detector following the trajectory 

t = t(T) , x^x{t), y^yo, z = zq , (5.191) 

where yo ^ and zq are constants. First we note that there is no direct analogue of the 
Rindler noise power spectrum here as the power spectrum is defined in [31] only for stationary 
trajectories. We therefore look directly at the transition rate. From H5.189|l and H5.188|l 
the transition rate will contain four terms. The first term, coming from Tr (5jJ^^(t, t'))^, 
will give us the same response as on Mq (for 77 = —1 in H5.181|l . as there expressions are 
written with respect to the standard Minkowski vierbein). This part is independent of spin 
structure (p) on Af_. The fourth term, coming from Tr ^(/35j[^^^(r, J_(r')))'^^ , will also be 
independent of spin structure, as it contains only = 1 in both cases. Thus the only way 
in which the transition rate may be sensitive to the spin structure on Af_ is through the 
cross terms, Tt{pS+^^{t, J^{t'))S+^^{t,t')) and Tr{pS+jT,T')S+^{T, J^{t'))). However it 
is a reasonably straightforward matter to show that these traces are both on the trajectory 
()5.191|l . due to simple cancellations in the products of the Wightman functions. Thus we see, 
even without an explicit calculation on a specific trajectory, that the transition rate cannot 
depend on p, and so the detector is not sensitive to the spin structure, for any motion at 
constant y and z. 

Unfortunately an explict evaluation of the transition rate on the inertial or uniformly 
accelerated worldlines, as on Mq, is difficult to obtain and we shall not discuss it further 
here. 



137 



5. 7 Static detectors on the MP^ geon 



Chapter 5: Particle detector models 



5.7 Static detectors on the MP^ geon 

In the recent literature Deser and Levin [28,116,117] have presented kinematical arguments 
for the calculation of the Hawking- Unruh effects in a large class of black hole and cosmologi- 
cal spaces by mapping the trajectories of detectors in these spacetimcs to Rindler trajectories 
in higher dimensional embedding spaces (known as GEMS, or global embedding Minkowski 
spacetimes) in which these spacetimes have global embeddings. In [116] uniformly acceler- 
ated observers in de Sitter and Anti de Sitter space are considered. It is seen that in de 
Sitter space their experience is thermal with temperature T = a^/{2'K) where 05 is their 
associated acceleration in the 5-dimensional embedding space. In Anti de Sitter space their 
experience is thermal provided the acceleration is above a certain threshold. In [117] static 
observers in Schwarzschild space are considered via a 6-dimensional flat embedding space 
and the expected temperature and entropy are recovered. In [28] this GEMS approach for 
the derivations of temperature and entropy is extended to Schwarzschild- (anti) do Sitter and 
Reissner-Nordstrom spaces in 4 dimensions and rotating BTZ spaces in 3 dimensions, and 
the methods of [28] can be readily adapted to other cases. We note that indeed any Einstein 
geometry has a GEMS [118]. 

[119] considers GEMS calculations on a large class of higher dimensional black holes, gen- 
eralising the 4-dimensional results of Deser and Levin (and the results for the 4-dimensional 
AdS hole and others in [120]). In particular, rf-dimensional Schwarzschild and Reissner- 
Nordstrom in asymptotically flat, de Sitter and Anti de Sitter spaces are discussed. The 
case of 4-dimensional asymptotically locally anti-de Sitter is particularly interesting as so- 
lutions with planar, cylindrical, toroidal and hyperbolic horizon topology exist. The higher 
dimensional versions of these non-spherical AdS black holes are also considered. Their global 
embeddings in higher dimensional Minkowski spaces are found and the associated temper- 
atures and entropies obtained. Other references on GEMS come from the group of Hong, 
Park, Kim, Soh and Oh [120-124]. These include the 4-dimensional AdS hole as mentioned 
above, static rotating and charged BTZ holes, (2 + 1) de Sitter holes, scalar tensor theories, 
charged dilatonic black holes in 1 + 1 dimensions, charged and uncharged black strings in 
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(2+1) dimensions, and a few other cases. A recent paper by Chen and Tian [125] argues that 
the GEMS approach holds for general stationary motions in curved spacetimes. However 
these authors argue further that the approach in general fails for non-stationary motions. 
The example they use is that of a freely falling observer in the Schwarzschild geometry. We 
note here that although their argument does prove that the GEMS argument is not valid 
for some non-stationary trajectories by use of an example, it does not prove that the GEMS 
approach is useless for all such trajectories. 

Within the kinematical arguments employed in all the work reviewed above the great 
simplification in working with these GEMS is that we are mapping situations in curved 
spacetimes to corresponding ones in a flat spacetimc, where calculations are always simpler, 
both conceptually and technically. It seems reasonable following the success of the GEMS 
programme that the responses of particle detectors in black hole and cosmological back- 
grounds could also be related in some way to responses of corresponding detectors in their 
GEMS. We note immediately that such a mapping of detector responses is clearly not trivial 
as we would expect different responses to occur due to the different dimensions which the 
spacetimes and their GEMS have, however some relation is still expected. In this section 
then we present an argument which should be relevant to the response of a static detector in 
the single exterior of the MP^ geon black hole (and the Kruskal spacetime) via an embedding 
of the Kruskal manifold into a 7-dimensional Minkowski space. This embedding space is dif- 
ferent to the 6-dimcnsional embedding of Kruskal so far used in the GEMS literature [126], 
but we use it as it is more easily adapted to the RP'^ geon. 

We begin by first presenting the embedding (see [99]). The complexified Kruskal manifold 
Mc here is considered to be an algebraic variety in C^. With coordinates (^i, . . . , zr) and 
metric 

ds^ = -{dzif - {dz2f - ... - {dzef + {dz^f , (5.192) 
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zr being the timelike coordinate, Mc is determined by 

(zef -{z,f +4/:i{z,f = 16M^ 
{{zif + {Z2f + {Z3f) {z^f = 576M\ 

VSziZs + {z^f = 24M2 . (5.193) 

The Lorentzian section of Mc, denoted by Ml, is the subset stabiHsed by Ji, : (^i, . . . , zr) i— > 
{z*,. . . ,z^). Ml consists of two connected components, one with -25 > and one zr, < 0, 
both of which are isometric to the Kruskal manifold, which we denote by Ml- An expHcit 
embedding of Ml into Ml with ^5 > is given by 

zi = rsin^cos^ , 
Z2 = r sin 9 sin (j) , 
Z3 = rcosO , 

1/2 

Z5 = 2M ' 



= 4M^— j exp(-— )t, (5.194) 
with — > — 1 and r = r{T, X) defined as the unique solution to 

Here {T,X,6,4>) are a set of usual Kruskal coordinates, giving the usual Kruskal metric 
on Ml- In each of the four regions of Ml, \X\ ^ |r|, one can introduce as usual local 
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Schwarzschild coordinates (t, r, 6, 0). For X > \T\, the transformation reads 

where r > 2M, and the expressions for zi, Z2, ■ ■ ■ , z^, are as in H5.194|l while those for zg and 
zr become 



1/2 

ze = AM ' 



1 _ eosh [±-^ , 



= 4M(l-^)''^inh(^) . (5.197) 

Recalhng that Z7 is the timehke coordinate in the embedding space, we see immediately 
that an observer static in the exterior region X > |r| at r = const, 6 = const, = const 
is a Rindler observer in the 7-dimcnsional embedding space with (zi, . . . , Z5) constant and 
acceleration in the zg-direction of magnitude 

a=l/a= i — . (5.198) 

4Af(l-2M)i/2 

As we have seen, the response of such a Rindler detector in the embedding space is thermal 
with the associated temperature 

all , , 

T=7^ = 7: — = 77:7 ■ (5.199 

This gives the Hawking temperature as seen by the static observer in the black hole space- 
time. The associated black hole temperature, i.e. the temperature as seen at infinity, in the 
Kruskal spacetime is given by the Tolman relation 

To = all^T = ^ , (5.200) 
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(|5.199|l and (|5.2UU|) are the expected expressions on Kruskal space [1]. Thus the black hole 
temperature as seen by a static observer has been derived from the Unruh temperature seen 
by the associated Rindler observer in the global embedding Minkowski spacetime. 

Next we consider the MF^ geon. This is built as a quotient of the Kruskal manifold 
under the involutive isomctry Jq ■ {T,X,d,(j)) {T,—X,tt — d,(f) + tt). We now extend 
the action of the group generated by Jg to the 7-dimensional embedding space Mc in 
order to obtain a suitable embedding space for the geon. A suitable extension of Jq is 
Jg ■ (^1, 22, Z3, Z4, Z5, zg, zt) I— !■ (— zi, — Z2, — 2:3, 2:4, Z5, — zg, 2:7), which is an involution on 
Mg- Again the worldlinc of a static detector in the MP"^ geon exterior X > |T| is mapped 
to the worldline of a Rindler observer with acceleration in the zg-direction with magnitude 
(|5.198|l in this embedding space. We suggest therefore that the calculations of the time 
dependent responses of an accelerated observer in the c?-dimensional quotients of Minkowski 
space, done in section 15.4.41 should have relevance to the response of a static detector in 
the exterior of the MP^^ geon (although the exact nature of the relationship is not clear). In 
particular if we specialise the results of section l5.4.4l to a detector with uniform acceleration 
(|5.198|l in the quotient of a 7-dimensional Minkowski space under involution Jg we see that 
the response has two parts. The thermal time-independent part is given by H5.53|l . which in 
the present case reads 

^Mr(w) = — — ^J^— (l/4 + a;Va')(9/4 + c^Va2) . (5.201) 
647r^(e » -1-1) 

Again this is a thermal response associated with a temperature T — Clearly the response 
is different to that of the static detector on Kruskal due to the higher number of dimensions 
though the two should be related. The image part of the response for this Rindler detector 
is, in the case of a detector switched on in the infinite past, 

3 f°° ^ cos(ws) 



FirH = —^ ds- (5.202) 



(^cosh^ (^)+4r^) 
The total response for certain values of the parameters is shown in figure 15.91 The 
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Figure 5.9: Transition rate for a detector uniformly accelerated in the zi direction on the 
quotient of 7-diniensional Minkowski space under the involution Jq- The parameters are 
a = 1, C = (2zi)^ + (2z2)^ + (2^3)^ = = 64/9, and w = 1 (upper curve), u = 1.5 and 
uj — 2 (lower curve). 

comments of section [5.41 then follow. The image part consists of a term periodic in r with 
period tt/uj plus a term bounded by a function which dies off exponentially for large t. 
The numerical evidence exhibits behaviour qualitatively very similar to that of figure 15.51 
The comments made in the section 15.4.31 about finite time detections also follow here. In 
particular the oscillatory behaviour of the boundary part as r 00 is a property only of the 
case of infinite time detection. For a detector switched on at —00 < tq < the transition 
rate oscillates for some time period with r > 0, but eventually it will fall to the thermal 
response and so at late times the difference between the response on the Minkowski space 
and that on the quotient space vanishes. This implies for finite time static detectors on the 
RP^ geon the difference between the response there and that on Kruskal spacetime falls off 
also to at late times, which is in agreement with the comments made in [22]. Note however 
the different behaviour in the case of the infinite time detection. 



5.8 Detectors in conformally flat spacetimes 

In this section we consider monopole detectors in conformally fiat spacetimes coupled to 
a massless conformally coupled scalar field. Conformally fiat spacetimes are of particular 
interest as they include all two-dimensional spacetimes and all spatially fiat Friedmann- 
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Robertson- Walker models, which include a particular coordinatization of half of the de Sitter 
manifold as a special case. We will be considering detectors in de Sitter space, and RP^ de 
Sitter space, in section 15.91 The main aim of this section is to argue for a regularization of 
the Wightman function which is similar to that considered for the scalar field in Minkowski 
space in the earlier sections. Transition rates of monopole detectors can then be calculated 
for detectors travelling along arbitrary trajectories. The discussion at the start of this section 
follows that of [1]. 

The metric on a conformally flat spacetime satisfies 



(5.203) 



where rj^^^ is the usual Minkowski metric and D,{x) is a continuous, non- vanishing, finite, 
real function. We use associated Minkowski coordinates (77, x) in which H5.203|l reads 



(5.204) 



We consider here a conformally coupled massless scalar field. The wave equation in d 
dimensions is 



□ 



{d-2)R 



A{d-l 

From (|5. 203(1 it follows that H5.205|l takes the form 



= 



(5.205) 



(5.206) 



where (j> — fi^'^^-^^/^^. The exponent [d — 2)/2 is called the conformal weight of the scalar 
field. Equation (|5.2U6|I has the familiar Minkowski form and admits the usual plane wave 
mode solutions, 



0k('7,x) = 



1 



-2a;77+zk:-x 



(5.207) 



(2cj(27r)'i-i)i/2 

where uj = |k|. These modes are positive frequency with respect to the timelike conformal 
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Killing vector 9^. A set of mode solutions to (|5.2U5|I are then clearly given by 

The field is then expanded in these mode solutions 

<j){x)^ /d-i-ifc [ak0k(2;) +4<^k(a;)l , (5.209) 



and canonically quantized in the usual way, by imposing the usual commutation relations on 
annihilation and creation operators. The vacuum state annihilated by all the annihilation 
operators above |0) is known as the conformal vacuum state. 

Now we consider a model monopole particle detector coupled to this conformally invariant 
scalar field. The model of the unregularized detector is similar to that in the previous 
sections. The transition rate for a detector turned on at time tq, when the field was in the 
conformal vacuum, and off at r > tq, is hence 

Fr{uj) = 2 ds Re {e-''^' {0\<j){T)(l){T - s)\0)) . (5.210) 

Jo 

From (|5.209l) it follows that the Wightman function in (|5. 21011 is given by 



{0\(^ix)(^ix')\0) = j d'^~^k(t>i,{x)(t>l{x') (5.211) 
= r!(2-d)/2(^) r d''-ifc<^k(a;)<^Ux')0(2-'')/2(a;') . (5.212) 



The curved spacetime Wightman function is hence related to the Minkowski Wightman 
function by 

(o|0(x)0(x')|o) = r!(2-'^)/2(x)(o|^(x)0(x')|o)ri(2-<i)/2(^') . (5.213) 

We now ask: What is a suitable regularization for H5.211f) on a given trajectory x — x{t)1 
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That is, we wish to regularize the integral 

r!(2-d)/2(^(^))f7(2-d)/2(^(^/)) 



(O|^(x(r))0(x(r'))|O) - 



I 



2|k| 



{2n) 

g-i|k|(r)(T)-j)(T'))+ik-(x(T)-x(r')) ^ (5.214) 



We argue, as with the case discussed in Minkowski space, that a naive ie-prescription where 
we just introduce an ultraviolet cut-off factor e^'I'^l (as seems to have been considered by 
Birrell and Davies in the case of de Sitter space in the spatially flat coordinates [1]) is not 
suitable here. Indeed we have shown via a numerical analysis that in the case of a comoving 
observer in de Sitter space in the spatially flat coordinates the transition rate for a detector 
switched on in the infinite past is time dependent. We interpret this, as Schlicht does for 
the uniformly accelerated detector in Minkowski space, as an unphysical result. 

We introduce instead a regularization based on a frequency cut-off in a frame adapted 
to the detector's motion. Our proposal is to take the mode solutions in the curved space 
(|5.2U8|I and multiply them by the factor ri^'^^^'>^^{ri, x) to give the modes (I5.207|l . For a given 
mode (/) (|5.2U7fl we then define the frequency as seen by the moving detector operationally 

by 

i^^cu'cj), (5.215) 
or 

where r is the detector's proper time in the curved space. We thus find from 15.2071) that 
Lu' — ujTjir) — k • x(r) and we regularize the integral (|5.214|) by introducing a cut-off of the 
form e-^('^(''(^)+'j(^'))-''-(i(r)+i(r')))^ rpj^g integral is then exactly as in and the result 

is just the correlation function with conformal relation H5.213|) to H5.34|l and H5.36|l . That is, 

(oi0(r)0(r')io) = ^f!,-;^i""'"^^'-'-»er""'-'-'» , 

A = [i^irjir) - r,{T') - te{r,(r) + v{r'))? + (x(r) - x(r') - ^e(x(r) + x(r')))2] , 

(5.216) 

for d> 2, while for d = 2 the expression is just H5.36|l with t replaced by rj. 
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If we were to define the frequency as seen by the detector by 




(5.217) 



that is, using 1)5.208(1 we would find uj' — Ljr]{T) — k ■ x(t) — i ^'^2^'' nfrj- This frequency 
would have an additional imaginary part. Introducing a cut-off e^'^^'^ (■^)+'^ ('^ )) into H5.214|l 
would give a correlation function without the relation ((5.213|l to the Minkowski one. Our 
prescription leading to H5.216|l is then equivalent to introducing the cut-off e^^^''^'^ ('^ )) ^ 

where Re denotes the real part. It is interesting to note that in the cases considered in 
section 15.91 that is, the comoving and uniformly accelerated observers on de Sitter space, 
the imaginary part of lo' is found to be a constant, which then does not contribute to the 
transition rate integrals, and thus makes no difference to the results in the e — > limit. On a 
more general trajectory however the imaginary part of w', defined by H5.217f) . could depend 
on T and so could conceivably affect the transition rate. 

We shall examine the consequences of the proposal (|5.216|l in section 15.91 In particular 
we shall recover the expected thermal responses for comoving and uniformly accelerated 
detectors in de Sitter space. Further we will show that for the comoving observer, in the co- 
ordinates that admit flat spatial sections, this regularization may also arise from considering 
a spatially averaged field operator and so from a model of an extended detector. 



5.9 De Sitter and RP^ de Sitter spaces 

In this section we begin by considering a model detector in dc Sitter space. Throughout we 
consider a confornially coupled massless scalar field moving through the Euclidean vacuum 
[127]. We see that here a similar situation is encountered to that found by Schlicht for the 
uniformly accelerated detector in Minkowski space. It is seen that in the case of a comoving 
detector switched on in the infinite past and off at finite r, if the correlation function is 
regularized by a naive ie prescription, as for example is done in Birrell and Davies [1], we are 
led to an unphysical, r-dependent response. We therefore use the regularization introduced 
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in section[^21 Further, for a comoving detector, we show that such a regularization can arise 
also by considering a model detector with spatial extent, that is by considering a smeared 
field operator in the interaction Hamiltonian. We recover the usual time independent thermal 
response for comoving and uniformly accelerated detectors. 

Subsection l5.9.2l then considers comoving observers in MP^ de Sitter space, such that the 
motion is orthogonal to the distinguished foliation [100]. In addition to the thermal part 
seen in de Sitter space, the transition rate contains an image part, related to that found in 
section for a uniformly accelerated detector on a 4-dimensional Minkowski space with a 
planar boundary. We also address a comoving detector in de Sitter and KP^ de Sitter space 
in a GEMS approach, by considering the response of the associated uniformly accelerated 
detectors in higher dimensional Minkowski (with boundaries in the case of MF^ de Sitter) 
embedding spaces. As we are able to do the calculations both in the original curved spaces 
and in the global embedding spaces, the results help to clarify the relation and validity of 
relating detector responses to those in embedding spaces. 

5.9.1 Detectors in de Sitter space 

We represent d-dimensional de Sitter space as the hyperboloid 



4 



2 2 2 

-Zj^ Zd^-o^ . 



(5.218) 



embedded in the d + 1-dimensional Minkowski space. 



ds^ = dzQ — dzf — ■ ■ ■ — dz^ , 



(5.219) 



with Zi real- valued coordinates. Let us consider the coordinates (i, x) defined by 



zo = asinh(i/a) + — — |x| , 



2a 



Zd = acosh{t/a) — |x| 



2a 



Zi — ^ Xi . 



(5.220) 
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These coordinates cover the half of the de Sitter hyperboloid given hy zq + Zd > 0- The Une 
element is that of a d-dimensional Friedman- Robertson- Walker spacetime with exponentially 
expanding flat spatial sections, 



Introducing the conformal time rj = —ae the line element becomes conformal to 
Minkowski, 



where — oo < 77 < 0. 



Consider a confornially coupled scalar field in the line element (|5.222|) . As we have a 
conformally coupled field in a conformally flat spacetime the situation is conformally triv- 
ial, and we shall apply the discussion in section with VP{x) = o? jrf'. The vacuum 
state associated with a complete set of modes positive frequency with respect to conformal 
Killing time ry, that is the conformal vacuum, coincides with the state known as the Eu- 
clidean vacuum [I]. The Euclidean vacuum \Qe) is uniquely characterised as the state whose 
correlation function (0£;|(/)(a;)(/)(a;')|0£;) is invariant under the connected component of the 
de Sitter group, and the only singularities of the correlation function are when x' is on the 
lightcone of x [127]. Even though we have here defined the Euclidean vacimm in coordinates 
that only cover half of the do Sitter hyperboloid, it is worth mentioning that the state is 
well defined on the whole hyperboloid [I]. 



We shall now specialize to 4-dimensional de Sitter space (although the extension to higher 
dimensions is straightforward) and consider a uniformly accelerated detector following the 




(5.221) 




(5.222) 
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worldline 

zo = asiiih(i/a) H — r , 

2a 

Z4 = acosh{t/a) — r , 

Z\ = Z2=0 , 

Z3 = r, (5.223) 

with r = constant. The worldhnc of such an observer in the embedding space is a hyperbola 
(24)^ — {zqY ^ o? — r^, zi = Z2 ~ 0, Z3 = r. In the de Sitter space the observer has constant 
proper acceleration a, where = —gi^^ii'^u'^ , ii^ — u'^{W^u'^) and u^^ is the tangent vector 
of the trajectory, of magnitude 



(5.224) 



i(a2 -r2)i/2 



The proper time for the accelerated observer is r = (a^ — r^Y^^t/a. The response function 
for the detector is 



T-To 



Fr{Lo) = 2 dsRe{e-'^'{QE\^{r)^{T-s)\{)E)) , (5.225) 







and 

(O^;|0(r)</.(r')|O^,)=-4^^iMl) 
A = Mr) i^{t') ze{rj{r) + r^{r'))^ (x(r) - x(r') - ze(x(r) + x(r')))2] . 

(5.226) 

Substituting (|5.223|l into H5.226|l we find 

(OB|0(r)</)(T')|Oi;) = - 



16 



7r2 ((a2 _ ^2)1/2 sini, _ cosh [ ^iJ-r^y/^ ) ) 



(5.227) 
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and the transition rate of the detector switched on in the infinite past and off at time t is 
independent of t and is given by 



The accelerated detector thus experiences a thermal response at temperature 



The response of a comoving detector is obtained by setting a — 0. The transition rate is 
still thermal at temperature T = l/{2T:a). These results agree with the previous literature 
(e.g [1, 116]). What is new is that we have obtained these results in a causal way for a 
detector switched on in the infinite past and read at a finite time, as opposed to the case 
usually considered of a detection over the entire worldline. 

We end this section by showing that the regularization in H5.226|) . in the case of a 
comoving observer, may be obtained by considering the monopole detector as the limit of 
an extended detector in de Sitter space. The reason why this is simple in the case of a 
comoving observer but not for other trajectories is that spatial hypersurfaces of constant t 
in the coordinates {t, x) are flat Euclidean spaces, which allow us to introduce a detector 
with infinite spatial extent along these slices. Care must be taken when defining the shape 
function for the detector however, because the hypersurfaces are expanding with increasing 
t, with a shape which is rigid in the proper distance the regularization follows. The averaging 
over spatial hypersurfaces in effect introduces a short distance, high frequency cut-off in the 
modes. 

The detector model is that of section l5.3.1l It is a multi- level quantum mechanical system 
coupled to a massless conformally coupled scalar field via the interaction Hamiltonian 




(5.229) 



Hint = Cm{T)(j){T) . 



(5.230) 
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We consider a detector following the trajectory t = t that is 77 = — ae^'^/" and x = 0. 
In (|5.23U|I we consider the field smeared with a detector profile function over constant r 
hypersurfaces, that is 

0(r) = j d32;W,(x)0(T,x) . (5.231) 
For the profile function we choose 

1 ee""^/" 

The detector shape (15.23211 is now time dependent! The reason for this is that we want 
a detector which is rigid in its rest frame. That is, we want a detector which is rigid 
with respect to proper distance and not comoving distance. The two distances are related 
by iprop = e'^/"_Lcomov In H5.231|) the integration is done over x, which is a comoving 
coordinate, and using a time independent shape function there would mean that the detector 
is rigid with respect to comoving distance. It is a simple matter to show that a shape function 
which selects a distance scale L' may be obtained from one which selects a distance scale L 

by 

Wl'{^)^^Wl[j-,^ . (5.233) 
If we write (I5.232|l now in terms of proper distance we find 

W^^p.o.(0 = ^— (5.234) 

(^X + Epi-opj 

and so in terms of proper distance H5.232() is a rigid shape in the sense that it is time 
independent. Using this shape function we find, using the mode expansion of (j)^ 

(0^|<^(r)<^(r')|Os) = J J d^^w,i^)e'^(-^(^^-^-^ 

X [ d^x'W,{x')e'^'^'^''^'^-^-''K (5.235) 
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Further we find 



^ g-j|k|r,(r)g-e|k|e — /° 



= e-'l''l"^^^e-'l''l''^^-' , (5.236) 
where the integration is done by transforming to spherical coordinates (appendix^. Hence 

{OE\cl^{rmr')\OE) - J l^e— . (5.237) 

The expression (|5.237|l agrees with that found above from the ultraviolet cut-off regulariza- 
tion. 



5.9.2 de Sitter space 

In this section we consider an inertial detector that is linearly coupled to a conformally 
coupled massless scalar field in MP'^ de Sitter spacetimc [100]. ^ 

RF^ de Sitter space is built as a quotient of de Sitter space under the group generated 
by the discrete isometry 



J : (zo, zi,Z2, Z3, Z4) (zo, -zi, -Z2, -Z3, -24) , (5.238) 

which induces a map J on the hyperboloid H5.218|l . Although J has fixed points on M, 
J acts freely on the hyperboloid. The isometry group of 4-dimensional de Sitter space is 
0(1,4), being the largest subgroup of the isometry group of the 5-dimensional Minkowski 
embedding space which preserves (|5.218|l . The isometry group of MP^^ de Sitter space is then 
the largest subgroup of 0(1,4) which commutes with J. That is, Z2 x 0(4)/Z2 where the 
non-trivial element of the first Z2 factor sends zq to —zq while the non-trivial element of the 
Z2 in the second factor is given by J which clearly acts trivially on K.P'^ de Sitter space. The 

*See also [101] for a nice discussion on de Sitter space vs RP"^ de Sitter. 
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connected component of the isometry group is 50(4). The fohation given by zq — constant 
hypersurfaces is a geometricahy distinguished one as it is the only fohation whose spacehke 
hypersurfaces are orbits of the connected component of the isometry group. This is made 
clearer by introducing the globally defined coordinates (i, x, ^7 0) 

Zo = asinh(t/Q!) , 

Z4 = Q;cosh(t/Q:) cosx , 

Zl = acosh(i/a) sinxcos^ , 

Z2 — acosh(t/Q!) sinxsin^cosc/) , 

Z3 = acosh(t/Q:) sinxsin0sin0 , (5.239) 



in which the metric reads 



ds^ = dt^ - cosh^ {t/a)[dx^ + sin^ xidO^ + sin^ d(j)^)] , (5.240) 

where (x, 9, 4>) on de Sitter (RP'^ de Sitter) space are a set of hyperspherical coordinates on 
(RP'^) respectively. {t,x,d,cj)) make manifest the 0(4) isometry subgroup. 

We denote by |0g) the vacuum state induced by the Euclidean vacuum jO^;) on de Sitter 
space (see [100] for more details). We consider a particle detector that is linearly coupled 
to a massless conformally coupled scalar field. The detector and field are assumed to be in 
the states \Eq) and |0g) respectively at time tq = —00, and we seek the probability that at 
time T > Tq the detector is found in the state \Ei). Through arguments analogous to those 
in section 15.3. II we find that the transition rate is 

/>oo 

Fr{iu)^2 dsRe{e-'^^OGmT)cj){T-s)\OG)) . (5.241) 
^0 

By the method of images we have 

(OG|</>(a:)</)(a:')|OG) = {OE\(bix)(bix')\OE) + {OE\(b{x)(b{Jx')\OE) , (5.242) 
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where on the RHS expressions hve in de Sitter space, and the correlation function 
(O£;|0(x)0(x')|O£;) is given by i^TTm . 

Consider now a detector that follows the geodesic worldline 

2:0 = asinh(T/Q!) , 

Z4 = acosh(T/a) , 

= Z2 = Z3 = . (5.243) 

On MP^ de Sitter space this represents the motion of any geodesic observer whose motion 
is orthogonal to the distinguished foliation. The transition rate 15.241|l is in two parts, a 
de Sitter part and an image part. We have calculated already the de Sitter part, coming 
from the first term in (jS. 242(1 . in section IB. 9. II The result was the usual thermal, Planck- 
ian, response at temperature T = l/{2na). We need the image term. In order to find 
{OE\(t>{x)(f>{Jx')\OE) on this worldline we first write {OE\<j>{x)(l>{x')\OE) in terms of the coor- 
dinates {zq, zi, Z2, Z3, Z4) of the embedding space and then act on x' with J, finding 

{OEmxmJx')\OE) = ^j- ,J . , (5.244) 

8n^ (+z • z' + zo^^o + Q! ) 

where z — (zi, Z2, 2:3, 24). The regularization has been omitted as in the image part of the 
correlation function no regularization is required: The geometric reason for this, as with 
the uniformly accelerated detector on M with boundary, is that the wordline and its image 
under J are completely spacelike separated. The image term gives to the transition rate the 
contribution 

We see that the image term contribution (|5.245|l is exactly the same as the image 
term contribution in the response of a uniformly accelerated detector on a 4-dimensional 
Minkowski space with boundary at x = f ((5.1Ql() with d = 4). Therefore the total response 
of our inertial detector in RP'^ de Sitter space (with Ricci scalar R — 12/a^) is identical 
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Chapter 5: Particle detector models 



to the response of a uniformly accelerated detector travelling in 4-dimcnsional Minkowski 
space with a boundary at a; = with the acceleration 1/a perpendicular to the boundary. 
It follows that our numerical results in figure 15.51 also give the response on KSP^ de Sitter 
space, with the appropriate interpretation for a. In particular, the image term breaks the 
KMS condition and the response is non-thermal and non-Planckian. When the detector is 
switched on in the infinite past, the response at large r is oscillatory in t with period tt/lu. 
When the detector is switched on at a finite time tq, tq ^ —1, numerical evidence indicates 
that the response is approximately periodic in the region < r < — tq, with period tt/lu, 
but it falls to the thermal response as t — > cxd, as discussed further in section [5.4.31 and 
illustrared in figures [^?^l5.7l and l5.8l This clarifies and adds to the discussion given in [100]. 



We wish to compare these particle detector results in MP'^ de Sitter space to the asoci- 
ated GEMS particle detector. We see from (|5.243|l that the GEMS worldlinc of interest is a 
Rindler trajectory with acceleration a — 1/a in the 5-dimensional embedding space. There- 
fore in the 5-dimcnsional Minkowski embedding space of de Sitter space we see that the 
response of a detector following this worldline is a thermal one with associated temperature 
T = l/(27ra) and so we expect, as indeed we saw in section l5.9.1l the response of the detector 
in de Sitter space to also be a thermal one with temperature T l/(27ra). Again the actual 
responses of detectors in the two situations are not identical (as seen in sections 15.3.11 and 
I5.9.1|l due to the different dimensions of the spaces, the most obvious difference being the 
presence of the Planckian factor in the de Sitter response and the Fermi factor in Rindler re- 
sponse on the odd dimensional embedding space. As the KP'' de Sitter spacetime is built as 
a quotient of de Sitter space under the map J : (zq, zi, Z2, 23, Z4) i— > (zq, — zi, —Z2, — ^3, — Z4) 
we have immediately the action of this map on the embedding space. The geodesic worldline 
of interest maps to a Rindler worldlinc in this embedding space with acceleration a = I /a, 
so in the GEMS approach we consider a Rindler particle detector with this acceleration in 
this 5-dimensional embedding space. The transition rate was found in section 15.4.41 The 
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5.9 De Sitter and RP^ de Sitter spaces 



thermal part of the transition rate is constant in time and is given by 

FmAco) = -(l/4 + wVa2) ^ (5 246) 

87r(e » +1) 

corresponding to the temperature T = The image part of the transition rate depends 
on the proper time and is given by 



The total response is shown for various values of the parameters in figure [^TT)I The quali- 
tative similarities to the MP'^ de Sitter transition rate are apparent. They provide evidence 
that, at least in some cases, the GEMS procedure may be applied to quotient spaces such 
as RP'^ de Sitter space and the RP'^ geon where the embedding spaces are Minkowski spaces 
with suitable identifications. 



Figure 5.10: Transition rate for a detector uniformly accelerated in the zi direction on the 
quotient space of 5-dimensional Minkowski space under the involution J. The parameters 
are a = 1, C = {^zi)"^ + (2^2)^ + (Szs)^ = and uj = 1 (upper curve), uj — 1.5 and ui = 2 
(lower curve). 




(5.247) 
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Conclusions 



This thesis has been concerned with quantum field theory on topologically non-trivial man- 
ifolds and with particle detector models. Chapters |21 and |3| discussed thermal effects for 
the free Dirac field on the MP"^ geon and on a topologically analogous flat spacetime M_ 
via a Bogolubov transformation analysis. Compared with the scalar field [22], the main 
new issue with fermions is that the spacetimes admit two inequivalent spin structures, and 
there are hence two inequivalent Hartle-Hawking like vacua on the geon and two inequiv- 
alent Minkowski- like vacua on We showed that an observer in the exterior region of 
the geon can detect both the nonthermality of the Hartle-Hawking like state and the spin 
structure of this state by suitable interference measurements, and similar results hold for a 
Rindler observer on M_. When probed with suitably restricted operators, such as operators 
at asymptotically late Schwarzschild (respectively Rindler) times, these states nevertheless 
appear thermal in the usual Hawking (Unruh) temperature, for the same geometric reasons 
as in the scalar case [22]. As a by-product of the analysis, we presented the Bogolubov trans- 
formation for the Unruh effect for the massive Dirac fleld in (3 -I- l)-dimensional Minkowski 
space, complementing and correcting the previous literature. 

As a late time observer in the geon exterior sees a thermal state in the usual Hawking 
temperature, the classical laws of black hole mechanics lead the observer to assign to the 
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geon the same entropy as to a conventional Schwarzschild hole with the same mass. It was 
found in [22] that an attempt to evaluate the geon entropy by path-integral methods leads 
to half of the Bekenstein-Hawking entropy of a Schwarzschild hole of the same mass, and 
it was suggested that state-counting computations of the geon entropy could shed light on 
this discrepancy. Our work says little of what the full framework of such a computation 
would be, but our work would presumably provide part of the fermionic machinery in the 
computation. In particular, the issue of the spin structure would need to be faced seriously: 
Does an entropy computation by state-counting need to count the two spin structures as 
independent degrees of freedom? 

In chapter ^ we computed the stress-energy expectation value on Mq and A/_ in 
Minkowski-like vacuum states, for both massive scalar and spinor fields. For the scalar 
field our results on AIq agree with those in [46]. For the spinor field on Mq they agree 
with [48]. On M_ the results for the massive fields are new. Further in the massless limit 
our expectation values agree with the previous literature [22,36,47]. We presented also the 
calculation for 2-component massless spinors. It was shown on both Mq and Af_ that the 
stress tensor is independent of the handedness of the spinor. In all cases the values fall off 
exponentially in the large m limit, and the leading order correction for small mass is 0{ni?). 
Further it is noted that for the scalar field in the large a limit on A/_ there is an exponential 
decay in the massive case while for the massless field the behaviour is a^^. For the massive 
field the difference between (0|Tp^|0) on A/_ and the corresponding values on Mq falls off 
exponentially in the limit of large := + y^, while for the massless field it behaves as 
0{r^^). It is seen that for spinors the two spin structures are distinguished by the sign of 
a non- vanishing shear component. 

Our underlying interest in the expectation values arises from the role of Mq and M_ in 
modelling, in the context of accelerated observers on fiat spacetimes, the Ilawking(-Unruh) 
effect on respectively the Kruskal manifold and the MP'^ geon. As we have seen in chapters 
121 El and |31 certain aspects of the thermal and non-thermal effects for scalar and spinor fields 
on Mq and Af_ are at present understood from the viewpoint of Bogolubov transformations 
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and particle detector analyses (see also [22]), but the connections between (non-)tliermality 
and stress-energy remain less clear. We view our results in chapter^ in conjunction with 
those in chapters |21 El El and in [22] , as data points to which we anticipate future work on 
this question to provide a deeper understanding. 

In chapterElwe considered particle detector models in the context of quantum field theory 
in curved spacetime. In particular we investigated the model of Schlicht [25,26]. The model 
is that of a monopole detector linearly coupled to a massless scalar field which is smeared 
with a window function in order to regularize the correlation function in the transition rate. 
We extended the regularization of the correlation function for the massless linearly coupled 
scalar field to d-dimensional Minkowski space, and we showed that it leads to the expected 
responses for inertial and uniformly accelerated detectors switched on in the infinite past and 
off at T < CX3. Further we extended the regularization of Schlicht to the massive scalar field in 
Minkowski space and have shown that it reduces to that of [25,26] in the massless limit. Next 
we introduced a model of a linearly coupled massless scalar field detector on spacetimes built 
as quotients of Minkowski space under certain discrete isometrics. In a number of cases the 
model, when switched on at tq = — oo and read at t < oo, was shown to reproduce the known 
asymptotic responses. These cases include the uniformly accelerated detector on Mq [22,107] 
as well as the inertial and uniformly accelerated detectors on Minkowski space with boundary 
when the motion is parallel to the boundary [107]. These results suggest that our model is 
reasonable. Further we presented a number of new responses, the most interesting of which 
are the time dependent responses on Minkowski space with boundary and on . An inertial 
detector approaching the boundary on Minkowski space with boundary was considered and 
seen to react in a qualitatively similar way to one travelling parallel to the boundary but 
taking progressively smaller distances (ie comparing figures l^^ and l^^ . The main difference 
is that in the detector approaching the boundary a divergence in the transition rate occurs 
as the boundary is reached. A detector with uniform acceleration perpendicular to the 
boundary was also considered and an interesting observation made. For a detector which 
is switched on in the infinite past the transition rate is found to oscillate in r at late times 
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with period tt/w, never tending to the Minkowski thermal response, no matter how far from 
the boundary the detector gets in the future. However for a detector switched on at a 
finite time (that is tq > —oo), the response will at late times tend to the thermal Minkowski 
response. For instantaneous, exponential and Gaussian switching functions the conclusion is 
the same. Responses were also considered on the quotient spaces of Minkowski space under 
the involution Jcfc : [t, xi, X2, ■ ■ ■ Xd-i) i-> (t, -xi, -2:2, - . . . - Xk, Xk+i, ■ ■ ■ , Xd-i) where 
I < k < d and certain relations to the responses on Minkowski space with boundary noted. 
The responses of uniformly accelerated detectors, where the motion is in the xi direction, are 
relevant for the discussion of static detectors in the MJP^ geon exterior as well as comoving 
detectors in M.P^ de Sitter via their global embedding Minkowski spacetimes (GEMS). Next 
we extended the detector model and regularization to the nonlinearly coupled scalar field 
and to the massless Dirac field. With a few minor technicalities the extension is quite 
straightforward. In the case of the Dirac field again we obtained the transition rate and the 
power spectrum of the Dirac noise for a detector switched on in the infinite past on inertial 
and a uniformly accelerated trajectories. The power spectrum for the accelerated detector 
agrees with the previous literature (see e.g [31]) and so suggests our model is reasonable. 
Further we briefly considered the response of the Dirac detector on Mq and A/_. One aim 
was to see whether a uniformly accelerated Dirac detector on Af_ could distinguish the 
two spin structures there. Unfortunately we have shown that this is not the case for our 
particular model. 

In section l^n we considered the response of a static detector in the exterior region of the 
RP^ geon via a global embedding Minkowski space. Although the GEMS program has so far 
only been applied in a kinematical setting, our aim was to examine the possibility that the 
response of the detector in the embedding space is related to that in the underlying curved 
space. We found that the response is related to that of uniformly accelerated detectors 
given in section [5.4.41 In particular it is shown in the embedding space, and expected on 
the geon, that the response is not thermal, in the sense that it does not satisfy the KMS 
condition, for most times. Further it is seen that for a detector switched on in the infinite 
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past the response is approximately thermal at early times but does not return to the thermal 
response at late times in contrast to expectations (see e.g [22] and sections [21 and 13 here). If 
the detector however is turned on at some finite time in the distant past then the response 
is approximately thermal when turned on and returns to being approximately thermal in 
the distant future. 

Lastly we extended our model to conformally flat spacetimes and considered some re- 
sponses on de Sitter space and MF^ de Sitter space. The regularization of [25] is not easily 
adaptable to general motions in conformally flat spacetimes, due to the possibility of spa- 
tially closed hypersurfaces in the detector's rest frame. We argued however for a similar 
regularization by reinterpreting the regularization as an ultraviolet cut-off in the high "fre- 
quency" modes. On de Sitter space the transition rate for a detector switched on in the 
infinite past is found for a uniformly accelerated detector, and it is found to agree with 
previous literature [116]. This result suggests our regularization is reasonable. In the case 
of an inertial detector in de Sitter space the regularization we introduced is shown to also 
come from the consideration of a detector with spatial extension where the detector is rigid 
in its rest frame. On EP'^ de Sitter space the response of a detector following the comoving 
worldline was considered in two ways. Firstly a direct calculation showed that the response 
is exactly that of a uniformly accelerated detector approaching the boundary on Minkowski 
space with boundary (identifying 1/a with the acceleration). Again therefore the response 
of a detector switched on in the infinite past has an oscillatory behaviour in the distant 
future and does not tend to the expected thermal result, the image term breaking the KMS 
condition, in contrast to what was expected [100]. The response of a detector switched on 
at a finite time does however tend to the expected thermal response at late times. Secondly 
we considered the same calculation from the GEMS perspective. Although the response is 
clearly different to that in the original space, due to the different dimensions of RP'^ de Sitter 
space and the embedding space, it is seen that the response is qualitatively very similar. 
The calculation therefore provides a good example for investigating detector responses in 
curved spacetimes and those in their GEMS, and suggests also that the response found in 
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the GEMS of the K.P'^ geon in section 15.71 is indeed closely related to the response of the 
static detector in the geon itself. 

Future Work 

There are many possible directions for future work on the topics discussed in this thesis. On 
the RP'^ geon for instance one interesting subject which we have not really discussed here is 
its entropy. In [22] it is argued from the observed temperature and the classical laws of black 
hole thermodynamics that an observer at late Schwarzschild time in the exterior will assign 
an entropy to the hole of 1/4 its late time horizon area, which is the entropy of a Kruskal 
hole with the same mass. However it was also shown that from a path integral approach the 
entropy assigned to the hole is 1/8 the late time horizon area. The reason for the difference 
is not clear. It would be very interesting therefore to consider a state counting argument for 
the entropy of the geon in the context of a quantum gravity model such as loop quantum 
gravity, as was done for large non-rotating black holes in [128]. 

Further work for the particle detector models discussed could include a thorough inves- 
tigation of the dependency of Schlicht's model on the window function (detector shape). 
Also it would be interesting to investigate in depth the most general case of an arbitrary 
trajectory in a general curved spacetime. The GEMS calculations discussed here are also 
worthy of further investigation. In particular, to what extent do the responses in the GEMS 
relate to the responses in the original curved spaces? We know that the GEMS procedure 
may not be applied reliably to the response of an arbitrary non-stationary trajectory in an 
arbitrary spacetime [125] but we expect for some classes of trajectories and spacetimes the 
GEMS approach is useful. 

Finally, as mentioned when discussing our stress energy results, the relation between 
the (non)-thermal behaviour seen in various black hole (and flat) spacetimes and the stress 
energy expectation values is not clear and a deeper understanding is required. 
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Analytic continuation of Rindler 
modes across the horizons 



In this appendix we provide more details on the analytic continuation of the Rindler modes 
(|2.^^3(l on Mq into the future and left hand wedges. 

1)2.33(1 are Rindler modes in Rq expressed with respect to the globally defined Minkowski 
vierbein. We build from them a complete set of positive frequency Minkowski modes (i.e. 
positive frequency with respect to dt) by continuing them (with G R) across the horizons 
into F and L in the lower half complex t plane. H2.33|l are functions oft — x and t + x where 
in R 



Continuing these across the future horizon t = x, from {t — x) < to [t — x) > wc note 
that t — X is a branch point. In order to analytically continue into the lower half complex 
t plane we must make the substitutions \/x — t — > i^/t — x and ln(a; — t) ln(t — x) + in. 



{x'-ef^ - {{x~t){x + t)Y'^ 



(A.l) 



r 




(A.2) 
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This gives 



(a;2 ^ ^2)1/2 _ + i))l/2 ^ ^ (A.3) 

= arctanhf -) ^ilnf^^l -^=T-^ , (A.4) 



Vx/ 2 \t-xj 2 2 

where on the left hand side of these expressions (r, ^) are in R and on the right (r, ^) are in 
F as defined by H2.49|l . Under this substitution it is easy to check that the Rindler modes 
in R (^351) become (ITISt and in F. 

The continuation further to the L wedge is similar. We must cross the horizon t = —x 
which again is a branch point in the expressions for (t, ^) in F . Crossing from (x + <) > 



to (x + t) < in the lower half <-planc we make the substitutions ^x + t —i^~{x + 1) 
and ln(a; + t) -f ln(-(x + t)) - in. Then 



e = (t^ -x^y/^ ^ -i{{x-t)(x + t)y^^ = -i^ , (A.5) 

/a;\ 1^ fx + t\ in in 

T = arctanh — - m — t , (A. 6) 

\tJ 2 \x-t) 2 2 ' ^ ' 

where the expressions on the left are in F and those on the right arc in L with (r, ^) defined 
by H2.35|l . Under this continuation the modes (|2.45|) and H2.46|l in F become (|2.50|) . 

A complete set of negative frequency Minkowski modes can be obtained in a similar 
manner by continuing the Rindler modes in R (|2.33|) . with G R, across the horizons in 
the upper half complex i-plane. Alternatively we may just take the charge conjugates of our 
positive frequency modes. 
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Evaluating integrals using 
hyperspherical coordinates 



In this appendix we show how to evaluate integrals of the form 

J d'^-^kF{\k\)e'^-^e'^-^ , (B.l) 

where d > 2, the integration is over k e R''^^, R and R are vectors in W^~^ and -F(|k|) is 
an arbitrary function. 

First we transform to hyperspherical coordinates (polar and spherical coordinates for 
d = 3 and d = 4 respectively) in k space (|k|, ^i, . . . , 6d-2), where 

ki = |k| sin^i . . .sin^d_3 sin^d_2 , 

k2 = |k| sin^i . . . sint^rf_3 cos0rf_2 , 
fcs = |k| sin^i . . .sin^d-4 cos^d_3 , 

kd-i = |k|cos6ii , (B.2) 
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with < |k| < oo, < 6*^ < TT for i = 1, . . . , d - 3 and < 9d-2 < 27r. Then 

y"d'^-ifcF(|k|)e''' V-^ = ^ d|k| Ikl'^-^Fdkl) J d'^-^ne'^'-^e"^-^ . (B.3) 

The angular integral may now be performed by choosing a suitable set of axes in k space. 
In particular we choose the kd-i axis in the direction of R and the kd-2 axis such that R 
lies in the {kd~2, fcrf_i)-plane. Then k • R = |k||R| cos 6*1 and k • R = jkHRKcos^i cosV' + 
sin6'i COS02 sin^), where is the angle between R and R, i.e. |R||R|cosV-' = R • R. 
Considering first c? > 4 we have^ 

^d-2^gZk.Rgek.R. ^ / ded-2T\ ^6*, (sin 0,)'^"^"' / d0i {siu Oif-^ e'^^^^'^^ 

Jq Jo Jo 

X / dff^ (^g[^()^'^d-4^e\]i\\Il\(cos0icos4>+sineicose2sinij) ^ (B.4) 

From [50] we have 

d0(sin0)2''e±°™"^ =^1/2 T[iy + l/2]I,{a) , (B.5) 

for Re{v) > —1/2, where Ii,{a) is a Besscl function, and so 

d-4 

/ d6'2(sin6'2)'*-'*e^l''ll^l"'"^^'=°''^^""''' = n^^^ ( ) ' r[(d-3)/2] 

Jo Ve|k||R| sin6'i sin?/'/ 

x/d^(e|k||R|sin6'isin?/>) . (B.6) 

The integral over O3 . . . 9d-2 in l|B.4|) may be performed by noting that it is the surface area 
of a unit {d — 4)-dimensional sphere (in topologists notation) , which is given by 

7r(d-3)/2 

^ ^r[(d-3)/2] ' (^-^^ 



^For d = 5 the expression is lB.4t without the product term. 
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see e.g [40]. Thus we have 

J (e|k||R|sinV')('^-4)/2 

x/d-4(e|k||R|sin6'isinV') . (B.8) 

The integral over 9i raay be done by expanding the Bessel function as a series and doing 
the integral over 0i for each term in the sum. We have 

2i^+2A;+l a cos 6 



d6l (sin6i)^''+^'^+^e° 



fc=0 

oo iu-\-2k 

+k+i/2[a) , 



fc=0 

oo , 2fc / J \ ^ 



(B.9) 



where q = a? , and the second line follows from (|B.5|) . Recognizing the sum in the last 
expression of ljB.9|) as a Taylor series we thus have 



Further wc find 

-(i|R| + e|R| cos V-)^ - (e|R| sin?/')^ = (R - ieR) • (R - ieR) = (R - ieR.)^ . (B.ll) 



Collecting these results together we have 



d'^-ifci^(|k|)e*'"V-^ = (27r)('^-i)/2 / d|k| [kl'^-^i^dk])- 

Jo 



J(d-3)/2(|k|V(R-*eR)' 

(d-3)/2 



k|A/(R-ieR)^ 



(B.12) 



where we have replaced the / Bessel in (jB.lOp by a J Bessel using I„{z) = e J^{ze" ). 
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For d — 4: the expression analogous to (jB.4|) for the angular integral is 

X / dO e^l^ll'^lt'^^^ ^1 V+sin ^1 cos 02 sin '0) 

= 2n [ d6li sin6lie*l'^ll^l'=°'^^i+'l''ll^l™"^i™'^'^/o(e|k||R|sin0isinV') , 
Jo 

(B.13) 

where we have used HB.5|I for the integral over 62- Expression IB. 13(1 agrees with (|B.8() when 
d = 4 and thus we are led again to the result HB.12(I . 

For d = 3 we take the ^2 axis in the direction of R in HB.3|1 then k • R = |k||R| cos6'i, 
k • R = |k| |R| (cos 6*1 cos + sin 9i sin ip) and 

J dD.e^^ ^e'^^^ — J (^^j^g«|k||R| coseige|k||R,|(cosei cos^/'+sinei sim/') _ (B 14) 

Hence, [50], 

J d^kF{\k\)e'^-'^e'^-'^ ^2tt d\k\\k\F{\k\)Jo (^\k\^ {R - leRp^ , (B.15) 
which also agrees with (|B.12() . Thus HB.12() is the expression we require for all d > 2. 

In the case of equation H5.28|l we want 
a(k-T) - gr(d/2) r 1 i^.^ 



|k|(^-3)/2 X '^'^l (^2^,2)d/2 J('^-3)/2(|^||k|) 



(B.16) 



where the second line follows from ljB.12p . Again the integral may be found in integral tables 
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(see [106] p488 no.11.4.44) 

/■°° _ \U(d/2-l) -1/2 

I m P^f72j^'^(<^-3)/.(ICI|k|) = yiJJ^TJf^)K,/,me) , (B.17) 
K is a modified Bessel function and Ki/2{z) — (7r/(2|k|e))^/^e~l''l'^ so finally we find 

5,(k;T) =e-*('=-^(^»e-'l^l . (B.18) 

For equation H5.33(l we find 

1 r d'^-^k 



(O|0(r)0(r')|O) = _L_ 

- ^ / -i\i<i\{t-t'-ie{t+t')) 

^(d-3)/2 (|k|V(x-x'-ze(i + i'))') 

^ -/ ^ Tto/ ■ (^-19) 

(|k|V(x-x'-ze(x + x'))2) 

The |k| integral may be found in [50], using 

for Re{a) > 0, the result is H5.34|l . The same integrations are required in finding the 
usual correlation function l|5.15|l where e is taken to in (|B.19p and then a cut-off e^^l''' is 
introduced. 



For equation H5.69|) we want 



(B.21) 
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Again from [106] (p486 no.11.4.29) we have 



/■OO 2 2 h'^ 



e 4° 



(B.22) 



and so we find 



(B.23) 
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In this appendix we present the calculation of some of the expressions appearing in chapter 
|31in 2 dimensions. 

C.l The correlation function 

In 2-dimensional Minkowski space the solutions to the massless Klein Gordon equation may 
be expressed as the mode expansion 

^(t,.) = J^^yJ^ (a(fc)e-(l'=l*-'=-) +at(fc)e^(*-'=-)) . (C.l) 

The Wightman function is then 

(O|0(x)0(x')|O) = ^^e-'(mt-t')-H.-.')) (C.2) 

We see immediately from (|C.lll and (IC.2|I that there is an infrared divergence due to the 
k = mode (as well as the usual ultraviolet divergences found in all dimensions). In 
calculating the Wightman function ljC.2|l we could introduce an infrared cut-off in order to 
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C.l The correlation function 



regularize this divergence, by for example considering 

(O|,/)(x)0(x')|O) = - - (e-»(l'=l(*-* )) _ e(C7 - |fc|)) , (C.3) 

where Q{x) is a step function and C a positive constant (see e.g. [129] for more details). 
However as we shall see later the divergence does not contribute to the detector response 
provided we include a temporal window function and consider an asymptotic (infinite time) 
detection. Without the window function the contribution from these terms may be easily 
found and so we do not regularize it here but simply drop the divergent term in any calcu- 
lations done. The ultraviolet divergence in ljC.2|) still requires regularization. In the usual 
le-prescription 

(O|0(X)0(X')|O) = ^ ^g-^(|fc|(t-t'-^e)-fc(x-x')) ^ 

47r 7_oo \k\ 



47r \7o ^ Jo k 



(C.4) 



The integrals may be done by parts 
dk 







— ^ [ln(fc)e-*^'=]Q +iM / dfcln(fc)e-*^'= , 

k Jo 

= -ln(0) - (C + ln(^^)) , (C.5) 



when Im{fi) < [50], where C is Euler's constant. So 

{0\(j){x)(j){x')\0) = -^{-2\n{0)-2C-\n{i[{t-t' ~ie)-{x-x')]) 
Ait 

~\n(i[{t-t' -i€) + {x-x')])) 

= _±ln((<-<'-ze)2_ (2;-a;')') + C , (C.6) 
An 

where C is an ill-defined constant. The usual approach is to say that derivatives of the 
correlation function are well defined and are given by the derivatives of (|C.6p . We will show 
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later however that in our particle detector model we may work with HC.6|I in cases where 
the constant term does not contribute to the response. 



Next consider the correlation function for the smeared field in two dimensions. The 
discussion follows as in sections 15.3. II For a Lorentzian shape function 



, poo „-iki 



where k :— k ■ e^lr). Now 



oo 



p -ipx 

dx .,_^ ^ , (C.8) 

for a 7^ and p real [50], so 

Then 

m(TU(T'm ^ — r ^p-^m(t-t'-^e(i+i'))-k(x-x'-^.(i+±'))) .(..10) 

An analogous calculation to that leading to (|C.6|I . noting that on a timclike worldline 

Im[k{t -t' - ie{i + i' j) ± k{x ~ x' - ie{x + x'))] < 0, gives 

(0|</)(r)</>(r')|0) = ln((i - t' - ie{i + i')f - {x - x' - ie{x + x')f) + C , (C.ll) 
where C is an ill-defined constant. 
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C.2 Inertial detector 



Next we consider an inertial detector in 2 dimensions, firstly for a finite time detector 
switched on instantaneously. From (|5.12|l and ljC.ll|l the transition rate is 



1 r^'^ 

Fi^r{uj) = -—j dse-*'"" (ln((s-2ie)2) + C) , (C.12) 



where Ar = t — tq. The contribution of the constant is 



Ar 

iujs 



ds e 

-At 



At 

on 

— sin(w(Ar)). (C.13) 



Thus for instant switching constant terms in the Wightman function do contribute to the 
transition rate, even in the limit as (t — tq) — » oo. 



Consider then the transition rate for a detector switched smoothly with an exponential 
switching function. 



J —OO 



' — oo 

C I / dse-"^'-^ + / dse" 
2CAt 



(C.14) 



Again for finite time detections the constant terms do contribute but in the limit as the 
time of detection r — tq goes to infinity these contributions vanish. Further as the constant 
terms are infinite it seems sensible only to consider the rate of a smoothly switched detector 
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in this asymptotic limit. The remaining transition rate is then 



FAriuj) 



^ r'^ isi 

/ dse~''""-^hr((s-2ie)2) 

47r ./ „ 



= -^1 / dse 
1 

~ An 



Jo 



2hi(2ie) 21n(2ie) 



1 

At 



1 
At 



A7 "'O 



ds 



(s - 2ie) 



OO ^.iujs — 



ds 



(C.15) 



where the last line follows by parts. As we are only interested in the asymptotic response 
we now let At —> oo. Then 



= / ds- 



2Triuj 



(s - 2ie) 



(C.16) 



The integral may be done simply by residues closing the contour in the upper half complex 
plane for w < and the lower half plane for a; > 0. The result is 



FJuj) = --e(-Lo) 

UJ 



(C.17) 



Finally we consider the relation with the local density of states ()5.41f) which in two 
dimensions is 

° dk 



Thus 



PM{io,x) = / ^d{\k\-u)^ [ ^S{k-uj)+ [ ^5{-k-uj) 
J-oo 27r Jo 27r 2n 

-e{uj) . (C.18) 



Fr{u;) = --e{-cj)pM{\oj\,x) . (C.19) 
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C.3 Uniformly accelerated detector 

Now let us consider the response of a uniformly accelerated detector in 2 dimensions. Again 
due to the infinite contributions from the constant terms in the correlation function we 
consider only the asymptotic limit of a smoothly switched detector. The transition rate, 
dropping the constant terms which do not contribute in the asymptotic limit, is 



FaAuj) 



1 

in 
1 

47r 



oo 
oo 



ise"''^''-^ In (^4 (^asinh 
dse-"^"-^\n ^4 (a sinh ( 



ie cosh ( — I 
\2aJ 



— I — ie cosh , 
2aJ V2a 



+ 



^ In I 4 I a sinh ( — — 



ie cosh — 
\2a 



(C.20) 



Integrating by parts twice and then taking the At — s- oo limit we find 



Fr{uj) 



(g^ + e^) 



ds ■ 



(asinh(^) ~zecosh(^))^ 



(C.21) 



Comparing (jC.21|l with (|5.52|) when Ar ^ oo we see that the response is proportional 
to the response of a uniformly accelerated detector in 4-dimensional Minkowski space. In 4 
dimensions we have already recovered the usual thermal response (|5.53f) thus in 2 dimensions 
the response is 



1 



1) 



(C.22) 
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Integrals on uniformly 
accelerated worldline 



In this appendix we evaluate the integral 



I{uj) = lim / ds — — : TTT^TTT - 

for arbitrary q;>0, /3>0, ljgM and k £ 1^ . Writing s — z/[3, e — arj, q — lu/P, we may 
instead consider 

I(q) = lim / dz — — -TT . (D.2) 

jj^o+ pa'^ (sinh(z) — ir; cosh(2:))'^ 

The integrand has a pole at z = arctanh(i7/) of order k. We consider the integral as a 
contour integral and deform the contour to that shown in figure IdHI Now wc are free to 
take lim^_+Q+ . Further we may easily show that in the limit as the contour goes off to ±00 
the contributions from Rl and R2 vanish and so 



po. Jc (smh(zj)'' 
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1 


1 


Rl? 

.f 
f 






7! 



Figure D.l: Contour used in the integration of I{q). 



where C is the hne z = —in/2 in the complex z-plane. Changing the integration variable 
hy z = W — iTr/2 gives 



g-7rg/2 roo ^-iqW 



J 

J — ( 



^oi^{-if (cosh(W^))'= ' 

e-"^/^ / .oo cosjqW) _. r ,^ smjqW) \ 

Pa\-if Vi-oo (cosh(W^))'= V-oo (cosh(H^))'=y' • ^ ■ ' 

In the second integral the integrand is odd in W and so the integral is 0. The first integral 
may be found in [50], with the result 

2fc-lg-7rg/2 

^^'^^ = mm^^^^^ + ^9)/2)r((fc - ^«)/2) . (D.5) 
We may further use the properties of F functions [50] , 

T{z + l) = zT{z) , 
V{l-z)T{z) 



sm7r2; 



r(l/2 + ^)r(l/2-0) = , (D.6) 

COSTTZ 
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to write the F functions that enter the transition rate l|5.52|l in terms of products of poly- 
nomials to obtain the expression (|5.53|l . 
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Appendix E 



Details for automorphic field 
detector 



In this appendix we give some more detail on some statements made in section l5.4.1l regarding 
automorphic fields. 



The automorphic field on Minkowski space, which represents fields on M/T is defined by 



(E.l) 



where p(7) is a representation of F in 5i(M). Then 



g&rhGF 



(E.2) 
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Now writing h ^ hg we have, at equal times 



= ^ p{h)[(j){x),^{h-^x')]=i5^'^-^\x-x')+iTCia.ge terms . (E.3) 
/isr 

Next consider the two-point function (O|0(r)0(r')|O), where 

^(t) = y d'^-ieM^,(0<^(x(T,C)) . (E.4) 
With a similar calculation we find 

{mr)^{T'm - ^ \ Y.Y.p^a)pmm9-'r)^{h-'r'm . (e.5) 

Writing h ^ hg and following through the steps which lead to l|E.3p we have 



(O|0(r)0(r')|O) = E^'('^)(0|'^(^)'^('^"'^')|0) • (^.6) 



her 



That is, the two-point function for the smeared automorphic field ljE.4p is given by the 
method of images applied to the two point function for the smeared Minkowski field. 
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Appendix F 



Evaluating (15.951) for inertial 



detector approaching boundary 



In this appendix we evaluate the integral 



Fr{uj) = -^{l-v') ]iml dsRei- , (F.l) 



27r2 ' ' e^o+ Jo \is- 2ze)2 -v^{s- 2r) 

with — 1 < w < and — oo < t < 0. The integrand has two poles, at s = (2ze± 2i>r)/(l ± w). 
When the limit is taken only the pole with (+) lies in the integration region. We consider 
the integration before the limit is taken as a contour integral and we deform the contour as 
shown in figure IfTI Then we are free to take the limit and obtain 

where c = 2ut/(1 — v) and b = 2vt/{1 + v). 



We compute the integral in l|F.2(l by rotating the contour onto the imaginary s axis. For 
Lv > we rotate to the negative imaginary axis, s — > —it. We find after separating the 
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X 



X 



Hi 



Figure F.l: Contour used in the integration. The right hand pole is at s = (2ie+2wr)/(l+u), 
the left at s = {2ie - 2vt)/{1 - v). Recall that -oo < t < and -1 < i; < 0. 

integrand by partial h'actions 



2n^{c + b) 7o 



dt Re 



dt 



{t - lb) {t + ic) 



27r2(c + 6)7o (^2 + 52) (t2+c2) 



(F.3) 



The integrals may be computed in terms of sine and cosine integrals [50] , giving the result 
(15.96(1 . For a; < we rotate to the positive imaginary axis s — s- it. The method is similar 
to that above except now a contribution is picked up from a pole on the positive real axis. 
This contribution is given by 27riRes(e~''^''7((s + c)(s — b)),s = b). The residue is easily 
found as s = 6 is a simple pole. The result is as shown in H5.96|l . 
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Appendix G 



Asymptotic behaviour of ( 15.1011) 

and ( \^7rm ) 



In this appendix we show that (|5.1U1I) of section 15.4.31 consists of a function periodic in t 
with period tt/lu plus a function Br{oj) bounded in absolute value by ^^^^|^^^2 Jd-3 6~ ' °' ■ 
In particular we show when d = A 15.101|) is given by 

FbtH ^ ' . '- + Bri^). (G.l) 

Ztt sinh(w7ra j 

Further we present an analytic proof that when the detector is switched on at a finite tq 
I|5.1U1|I and H5.115|) (with the upper limit replaced by t — tq) vanish as r — > oo. 

In this appendix we also discuss the behaviour of H5.115|) as r — > cx). We show that 
l|5.115|l also consists of a function periodic in r with period tt/w plus a function which 
decays exponentially as r ^ cxd. 

Consider H5.101|l . 

. pr{d/2-l) r cos(c..) 
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Changing the integration variables hy s — 2ax + 2t gives 



. PTid/2 ~ 1) p cos(a;(2aa^ + 2t)) 



-2 



X 



2nd/^{2aY-3 J_^^^ cosh'* 

l3T{d/2-l) ( [°° ^^ cos{uj{2ax + 2T)) r'' '°' ^^cob{uj{2oix + 2t)) 



2^<i/2(2c,)<i-3 yj ^ cosh^-^x J-oo cosh'^-^x ) 

/3r(d/2-l) / , , cos(2awx) . ^ /"^ , sin(2at^a;) 

^ ,)'^ cos 2rw) / dx \, ^ ~ sin{2TLu) / dx — \ ' 

2^d/2 2arf-3l ^ 'J cosh'^-'x ^ V-oo cosh'*-" 



X 



-/"^^cos(.(2.. + 2.))\ ^ ^^ 3^ 

x3 cosh X / 

In the last expression the integrand in the second term is odd in x and hence integrates to 
0. The first term is periodic in r with period tt/cj, further the integral may be performed in 
terms of Gamma functions [50] . When d = 4 the result is 

Pluco8{2tuj) (3 Z""^^" , cos(w(2Q!a; + 2r)) 



27r sinh(ijj7ra) A'!r^aJ_^ cosh 



FbAu;) - " -JZT- dx ^^-^ ^ . (G.4) 



X 



Writing y = —x, we find that the third term in (|G.3() is bounded in absolute value by 
(3T(d/2-l) f°° , 1 j3T{d/2-l) f°° , 1 



W/2-1) ^^^^^ 



{d - 2)7r'^/2a''-3 



Next consider (|5.1U1|) for the detector switched on instantaneously at finite tq, 

■ pr{d/2 - 1) r--« cos(^s) 

^"-("^ ^ 2.^/2 X ' ^2acosh(^)r-2 ■ (^-'^ 
We consider the behaviour as r — s- cx) for fixed tq. 

. /?r(d/2 - 1) / r-^" cos(a;g) cos(c.s) 



27rd/^ \J-oo (2acosh(2l^))'i-2 (2a cosh(2l^)) 



(G.7) 
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Changing variables by s = —2ay + 2T we have seen in (|G.5p that the second term is bounded 
in absolute value by 2j^d/2Qd-3 6~ ' ° ' • In first term in ()G.7|I we change variables 
by s = r — To — w. The result is 

/3T{d/2 - 1) cos(^(t -tq-v)) ^ pT{d/2 - 1) 1 



2nd/^ 7o (2acosh(l^))'^-2 " 2^^/^ J, [ae'^Y 

_ l3T{d/2~l) (rf-2)(x+xo) 
(d-2)7r'^/2a'*-3^ 



(G.8) 



This term is therefore also bounded by a function which exponentially decays as r — > cxd. 
Hence, for the detector switched on instantaneously at finite tq, Fbt{i^) ^ as r ^ oo. 



Consider now (|5.115|l . that is 
1 °° r 



cos{ujs) 

as 



n— — OQ 



4a2 cosh^ (^) + 4y2 + a2(2n - 1)2 ' 

cos(a;s) 







/ ds - 


f 


' — OQ 


/ — OO / 



nt^oo J-oo ' J 4a2 cosh^ (2l_£) + 4y2 + a2(2n - 1)2 ' 

(G.9) 

Changing integration variables by s = 2ax + 2r we find the first term in (|G.9p becomes 

—tC0s(2tuj) ) / dx 5 ^— , G.IO) 

which is periodic in r with period tt/uj. Changing coordinates by s = —2az the second term 
in IjG.Qp becomes 

2a7r2A.y„ cosh^(z+^) + (f)V(^)^(2n-l)2 
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Thus 



cosh^(, + j) + (M)- + (^)^ 

+ y / dz 5 5 . (G.12) 

It is simple to show that the first term is (|G.12p is bounded in absolute value by ■^^e^^'^^"' . 
The integrand in the second term of (|G.12p . call it l2{oj), is a monotonically decreasing 
function of n. We can therefore bound the sum by an integral 



oo />oo 



^2(^) < TT-^ I dz I dn- ^ 



W7o A cosh2(z + ^) + (f)V(^)'(2n-l)2 



< / dz dn 



W7o 7i/2 cosh2(z + i) + (M)V(^)'(2n-l) 



2 



(G.13) 



Changing variables by n = ^ + 



oo /'OC 



h{i^) < TT-^ I dz I dv 



2a7r2 7o 7o ^osh^ + + (^)^ + 

I f°° , 1 
~ / dz —7- , 

4-^0 (eoshM. + -) + (f)^^^^^ 

< / dze-^'-+^/"^ ^ e"^/" 

2aTT Jq 2a7r 



(G.14) 



Thus we see that < '^'^1°^ + and so /(w) vanishes as t — > oo and H5.115|l 

becomes periodic in r with period tt/cj at late times. 

Finally consider H5.115() when the detector is switched on at tq > — oo, that is 

. 1 ^ r-^- cos(c.s) 



2^' „f:^oo -^0 4a2 cosh^ (21^) + 4y2 + a\2n - 1)2 



1 ^ 



„f:'oo V— ' -^-oo y cosh^ + 4y2 + a2(2n - 1)2 ' 

(G.15) 
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We consider the limit as t ^ oo for fixed tq. We saw in the calculation IjG.lip to ljG.14p that 
the second term in (IG.15I) is bounded in absolute value by -^e~^^/°' + 77-!— e""^/". Consider 

' ' J QTT^ 27Ta 

then the first term in l|G.15p . With a change of variables by s = t — tq — v this term becomes 



dv 



cos{uj{t — To — f )) 



n~^oo cosh^ {^^^) + Ayl + a^{2n - l)^ ' 



1 



1 



dv ■ 



COs(aj(T — Tq — v)) 



„_i ^0 cosh' , „ 



dv ■ 



+ +(^) (2n-l)2 

cos(ijj(t — To — f )) 



n=2 



COs((jj(t — Tq — v)) 



00 ^00 

^ L eosh^ (zi^) + (M)2 + (2n - 1)^ 



dv ■ 







(G.16) 



It is a simple matter to show the first term in ljG.16|) is bounded in absolute value by 



In the second term in ljG.16|) . call it hii^), the integrand is a monotonically decreasing 
function of n. The sum can be bounded by an integral and we find 



1^2(0;)! < 



1 



47r2a2 



00 />oo 



dv dn ■ 



cos(ijj(t — To — w)) 



7i/2 cosh^(^) + (f) +(^) (2n-l)2 



(G.17) 



Changing variables by n = ^ + 



1^2 (C^) I < 



C30 /"CXD 

dv dz ■ 



An'^aa Jo Jo cosh^ + {'ff + ' 

I . 1 



< 



Siraa Jq 
1 



dv 

(cosh^ (^) + iff) 



1/2 ' 



Airaa 



dv ( 







1 _z±io 
— e 2,. 



(G.18) 



Thus finally we see that 1/2(1^)1 ^ as t ^ 00, and so H5.115|l also vanishes in this limit. 
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